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Abstract

We present some cusp forms and their Fourier coefficienttherfull modular groud_l, using the
adjoint linear maps, nonanalytic Poincare series and Hgmketors.
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1 Introduction

Let k be a positive integer and denote hytt® space of cusp forms and M, the space of modular forms

of weight k on the modular grod_g. We shall use H to denote the upper half pldBefor the set of
complex numbers.

Let f and g be forms itM, with Fourier coefficientsa(m) and b(m) respectively. For a positive integer
n define a Dirichlet series of Rankin type by
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L, (9= Za(m+ n)b(m)

m21 (m + n)

By Deligne’s estimate, previously the Ramanujan-Peterssnjecture,L (s) is absolutely convergent

f,g;n

(S) has a meromorphic continuation @.

K+t
for Re(s)>7. It can be shown thail_f'g;n

Let f, f'OM, suchthatf or f'isa cusp form. The Petersson scalar product is deffiped
(f, 'y = j f(7)f'(r)y*dv
K

. dxd
in [1]. WhereT = X+1y ,dV = > yand K is a fundamental domain for the action ﬁfon H.

In[2, p. 11%, nonanalytic Poincare series is defined by

G,(r|2) = z z exp{27i (v + k)Mr1} "

Can " u(M)(cr +d)*[cr +d|*

* *
where M :( dJ O rl, |CT+ d |Z is the Hecke convergence factor, to0, v is an arbitrary integer
(

and v is a multiplier system (MS) fol_l in the weight k. The numbex is determined fromu by

. 11
u(S)=e”™ 0<k<1S= (O :J. Eventually z can be thought of as an arbitrary cempiumber,

but in order to guarantee absolute convergence of the deahts (1) we assume initially that Rez>2-k.
Uniform convergence of the series of absolute values ish& G, (7 | z) is holomorphic (in the variable
z) in the half-plane Rez>2-k and, as a functiorr &flH, it satisfies the transformation formula

G,(M7|2) =u(M)(cT+d)" [cT+d | G,(7]2) @

o 0o
for all M :( ]Drl.
cd

n [2, p.118], the Fourier expansion &, (7 | z) is given by

G, (1]2) — 26>V = 2 (27T)k+z i(n_l_/()ku—l 2n(n+/()rz{_ 4 (n+k)(v +/()}p
M(z/2) i= oo Pr(k+p+z/2)
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xg(@n(n+k)y,k+p+z2/2z/2)Z,(z/2+k/2+ p)

L @) S g e o (A=K + )l
A & ; ol (k+ p+2/2)

xo@nn-k)y,zI2k+p+z/2)Z_(z/2+k/2+ p) ©))

where Z_(w) = z A, (n,u)c™" is Selberg’s Kloosterman zeta-function and

on,a,p) = j(u +1) 7 u”Me™du is the notation of Siegel.
0

n [2, p.125], the functiofr, (7 | ) is defined by

Fu(t12)=y"*Gy(t | 2) (4)

as a function off and z. Wherel' = X +1y . It follows from (2) that,F, (7 | z) satisfies the transformation
formulae

F.(MT | 2)=0(M)(cT+d)* R,(T | 2)

By the Fourier expansion (3) &, (7 | ) and from (4), we obtain the Fourier expansiorFgf(7 | z) at
the cusp pointo of the form

FV (T | Z) - Z a'l(n)eZIi(nH()T +z az(n)e—Zn'(n—K)T
n=0 n=0

where the Fourier coefﬂment@l(n) and az(n) depend upon z. Henc&;, (7 | Z) is a modular form of
weight k and MS).

In[2, p. 12%, the following lemma is given.

Lemma 1.1: Suppose+ K >0, Rez>2-k and 1{ is a cusp form of weight k and MSon rll Then,
< Fv,f> =2b, I(k-1+z/2){4n(v+ K )} 1-k-z/2

where f (7) = Zb@mmw)r and the bar denotes the conjugate complex number.

n+x>0

For n=v+ K, we shall write E (T |z) instead of Kt[kz). Thus, we have

At 1205 Gt 2) =y? Y Y —SXU@AnMT
ca= u(M)(cT+ d)k_t|CT + d|
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In [3], the Hecke operatof, is defined onM, by the equation

1D =y d+S 1

din b=0
for a fixed integer k and any n=1,2,...

Theorem 1.2:1f f OOM, and has the Fourier expansion
f(r) = a(me”™
m=0
thenT, f has the Fourier expansion
(T.F)(0) = 2 a,(me”™
m=0
where,

a,(m= > d“a(). ©)

d|(n,m)
for n=1,2,...

In [3], Klein’s modular functionJ (7) is defined by

J(T) :@

A(7)
1
and analytic in H. Where A(T) = g3(r) -2792(r) . 9,(r) =60 ———— and
’ ’ ’ (m,n)zt(o,o) (m+n7)*
1
9;(1) =140 >

mmz oo (M+ nr)°

Theorem 1.3:If 7 [LIH, we have the Fourier expansion

i(1) =12°3(7) =€ + 744+ Y c(n)e™

n=1
where c(n) are integers. [3]

In [4], W. Kohnen proved the following theorem using analiaaincare series and the properties of inner
product.
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Theorem 1.4:The function

W, (F)(2) = 30, (k=DE™ , (2LH)

nz1

is a cusp form of weighk —t on I';. In fact, the mapV, : S -~ S_, f — ¢ W, ()

is the adjoint w.r.t. the usual Petersson scalar proddtte mapS,_, - S ,h+— gh Where

rk-1) a(m+n)b(m)
r(k-t-14m)"’ Lign(9)= nZ; (m+n)®

Gt = (6)

In [5], Min Ho Lee obtained the Fourier coefficients of Segusp formp; f in terms of Dirichlet series of
Rankin type associated to the Fourier coefficients ajedieusp forms f and g.

In this paper, we shall obtain some cusp forms of integégghiven rl, using nonanalytic Poincare series

and the properties of inner product. Further, the Fouridficieats of cusp formPg*f of weight k-t onl_l

are written in terms of Dirichlet series of Rankin tygssociated to the Fourier coefficients of cusp forms f
and g of weights k and t respectively. Using the propedfedHecke operatorg,, some results for the
Fourier coefficients of cusp foriy, f are also given.

For several recent results concerning Modular formsefer the reader to [6-11].
2 The Results

Theorem 2.1:Let t be a positive integer, k an integer with k>t+2. £€r) JS_and g(7) S . Then the
function, for 7 JH andRez > 2 — k

U, (f)(7) =) a(P; f,ne”™

nz1

is a cusp form of weight k-t oh_l. Where

Zy
_ 2 I
a(P°f n) = LKZDEMT_ o) gy @)

z
Fr(k-t-1+=
( )

Proof: Let t be a positive integer, k an integer with k>ttgt f S, andg 0 § . The map RS- Se
h-gh is a linear homomorphism of finite dimensional Hilbert spaoes has an adjointg'P&—»Sk_t. Let
a(Png ,N) be the A Fourier coefficient of Pf. Since k., is a modular form of weight k-t, by Petersson
scalar product and using Lemma 1.1, we obtain



Kirmaci; BJMCS, 16(3): 1-10, 2016; Article no.BIMZH596

w,2a(P,'f,n) = (P'f, F,)
=(f, PyFi-tn)
=(f, ng—t,n>
= [H@OF_ Y dv
K

Mk-t-1+%)

where H (7) = f(1)g(7)y', W, =———— =%~ From the transformation formulas of f and g, the

k-t-1+2

(4m) ?

function H) is a modular form of weight k-t oh_l. Hence, we write
2wa(P'f,n) = j a(H,n,y)e "y« "2dy
0
Thus, we have

a(Pf,n) = % [a(H,n,y)e*™y**?dy
to

where a(H n,y) is the ' Fourier coefficient ofH (7) w.rt. the variablee™™

expansions of f and g in the definition of H, we obtain

a(H n,y) =y z a(m+ n)b(m)e 2@y

m=1
where a(m) and(M) are Fourier coefficients of functions f agd respectively.

Hence, by Mellin’s transform, we find

a(P,'f,n) = e K0 1+Za((rrnn:rr]1))b(m)
or (k—t -1+ 2) =

where F(s):jts_le_tdt, Re(s)>0. This concludes the proof.

. Using the Fourier

Theorem 2.2: Let k be an integer with k>2. L@, (T) be a modular function with respect kg which is

analytic on H andf (7) O S, . Then the function, for LIH andRez > 2 — k,
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U, (F)(0) =D a(T,f,ne’™

nz1

is a cusp form of weight k oh_l. Where

D42 ke
ar,fm = 2 Gy ®
2r(k=1+)

forn=pandm,p=12,...

Proof: Let f(7)00S,. Let k be an integer with k>2. L& : S~ S be a Hecke operator such that

h — g,h. Where g,(7) is a modular function with respect fq which is analytic on H. Since the Hecke
operators are Hermitian o8, , using Lemma 1.1 and from Petersson scalar product, we obtain

w,2.a(T, f,n) =(T, f,F )
=(f !Tka,n>
=(f,0,F.»)
= [H(1)F, . y“dV
K

M(k-1+7%)

where H, (1) = (1)g,(7), Wy =————2- and H,(7)OM,.

(4m) k-1 >

Hence, we get

19 —
2a(T, f,n) = WIa(Hl,n)e2 Yy<2dy
00

where a(H_l,n) is the ' Fourier coefficient ofH,(r) w.r.t. the variable€”™ . From the Fourier

expansions of () and §;(7) , we have

a(H_l’n) = Z mbl(m) e—2ﬂ(2m+n) y

where a(m) andd, (M) are Fourier coefficients of (v) and g,(7) respectively.
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By Mellin’s transform, we find,

r(k-)@m? 1**2 a(m+njb,(m)

a(T f,n)= =
ork-1+ =MD

and by (5)

rk-3@m? s

a,(m=a(T,f,n)=
2I'(k—1+§)

f ,01:n (k l)
for n=p andm, p=1212,... This completes the proof.

The proof of the following Theorem is similar to thatloé fTheorem 2.2 and by using Theorem 1.4

Theorem 2.3: Let k be an integer with k>2. L, (7) be a modular function with respect kg which is
analytic on H andf (7) 'S, . Then the function

W, (f)(1) =D a(T, f,ne*™

n=1
is a cusp form of weight k oh_l. Where

a(T, f,n)= nk- (k-1 9)(

f ,01;n
forn=p andm,p=12,... andL}, ,(k — 1) is given by (6).

3 Numerical Examples

Example 1. Let f(z) = A(r) = g2(r) - 2792(r) and 0,(7) =1728)(7) . Since the discriminant
functionA(t) is a cusp form of weight 12 and from (8) and (9), weehav

a,(m) =a(T,A,n) = 2@ 10!(477)2 11#2 T(;Trln++nr)]():(m) |
or @1+ 2) =

and

a,(m) =a(T,A,n) = nllzr(rnm++—n?];:(m)
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as the Fourier coefficients of A, respectively. Where(n) are the Fourier coefficients of Klein'g -
invariant andt(m) is Ramanujan’s tau function.

Example 2.Let f (7) S, k > 14 andg(z) = A(z) the discriminant function. From (7), we obtain

F(k-D@m: > nk'“*gz a(m+n)r(m)

a(Png y n) = (m+ n)k—l

z >
2r(k -13+5) mz1
2
as the Fourier coefficiens 8f f. Wherer(m) is Ramanujan’s tau function.

4 Conclusion

Some cusp forms on the full modular group and their Fouriericiegifs are obtained. Therefore, the result
of W. Kohnen's paper [4], from Poincare series to a nalyic Poincare series, is extended.
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