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Abstract

The system of linear equations plays a vital role in real life problems such as
optimization, economics, and engineering. The parameters of the system of
linear equations are modeled by taking the experimental or observation data.
So the parameters of the system actually contain uncertainty rather than the
crisp one. The uncertainties may be considered in term of interval or fuzzy
numbers. In this paper, a detailed study of three solution techniques namely
Classical Method, Extension Principle method and a-cuts and interval Arith-
metic Method to solve the system of fuzzy linear equations has been done.
Appropriate applications are given to illustrate each technique. Then we dis-
cuss the comparison of the different methods numerically and graphically.

Keywords

Fuzzy Set, Classical Solution, Extension Principle,
a-Cut and Interval Arithmetic Method

1. Introduction

There are many linear equation systems in many areas of science and engineer-
ing. According to Moore [1], exact numerical data might be unrealistic, but there
could be considered uncertain data as more aspects of a real word problem.
Fuzzy data are being used as a natural way to describe uncertain data. So, we
need to solve those linear systems in which all parameters or some of them are

fuzzy numbers. Friedman et al. [2] [3] applied an embedding method for solving
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Ax =b, where A is a nonsingular crisp matrix. There are many other numerical
methods for solving fuzzy linear system such as Jacobi, Gauss-Seidel, Adomiam
decomposition method and SOR iterative method [4] [5] [6] [7]. Dehgan in [8],
[9] introduced the full fuzzy system in which b and A are fuzzy vector and fuzzy
matrix, respectively. Then Kumar in [10] obtained an exact solution of fully
fuzzy linear system by solving linear programming.

In 1965, Lotfi A. Zadeh [11], professor of electrical engineering at the Univer-
sity of California (Berkley), published the first of his paper on his new theory of
Fuzzy Sets and System. After the development of fuzzy set theory, researchers
have successfully applied this in economics. Buckley [12] applied fuzzy mathe-
matics in finance; in 1992 Buckley devised a technique to solve fuzzy equations
in economics and finance. The above methods made us inspired to work on the
solution techniques and finally, we got something. The objective of this paper is
to present three different and effective methods to solve the system of fuzzy li-
near equation. Furthermore, we show the comparison among the methods with
the help of numerical calculation as well as graphical representations. The paper
organized as follows. In Section 2 we set some basic definitions and notation list.
Section 3 deals with the methods. The applications of the models are presented

in Section 4 and finally, Section 5 shows the results of the models.

2. Notations and Definitions

2.1. Notations List

4 : Membership function of the fuzzy set A .
X: Referential set.

I Valuation set.

R : Set of real numbers.

17 : Set of all fuzzy sets from Xto 1

A” : a-cut of a fuzzy set A .

A : Strong a-cut of a fuzzy set A .

V : For all.

3 : There exist.

A° : Complement of a fuzzy set A .

AN B : Intersection of two fuzzy sets A and B .
AUB : Union of two fuzzy sets A and B .
X : Classical solution.

x|

. : Extension Principle solution.

X, : a-cut and interval arithmetic solution.

2.2. Fuzzy Sets

A fuzzy set [3] is a class of objects with a continuum of the grade of membership.
Let X be a space of points. A fuzzy set 4 in X is characterized by a membership
function which associates with each points in X a real number 4, (x) in the
interval [0,1] with the value of 4, at xrepresenting the grade of membership
of xin A. Thus the nearer to the value of x4, to unity, the higher the grade of

membership of xin A.
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2.3. Fuzzy Linear Equation

Fuzzy linear equations are similar to ordinary linear equations in classical ma-
thematics. A fuzzy linear equation is of the form A-X =B or A+X =B or
A-X+C=B where AB and C are given fuzzy numbers and X is an

unknown fuzzy number by which the equation is satisfied.

2.4. The System of Fuzzy Linear Equations

A system of fuzzy linear equations is of the form A-X =B, where K:[ﬁij] is
a Nxn matrix of fuzzy numbers a;, X! =(%.,%,-+,X,) is an unknown
n><1 vector of fuzzy numbers X by which the equation is satisfied and

(b1 by, -, n) is a nx1 vector of fuzzy numbers b . Now we can write

correspondmg nxn system forall a@; e R,1<i,j<n asfollows:

511 511 "' 511 Yl b1
a & Ay || X _ bz
anl gn 2 o gnn Yn n

3. Methods

3.1. Classical Solution

We denote the classical solution of A-X =B as X_, if it exists.

Substitute the a-cuts of @;, X and b for &, X and b (1<i,j<3)
respectively in the system of linear equations

a,x +a,%, +a,% =h, (1)

X + 8%, + 3%, =D, )

By, X, + 8y X, + By X, =Dy, 3)

After substituting the a-cuts of a;, X and b for &, % and b

(lS i,j< 3) in the Equations (1)-(3), we get the following three interval equa-
tions ‘v’ae[O,l],

[ (@ anu( )] [% (@) %y () ]+ 2 (a alzu (@] [ (@) (@)]
+as (@).ay, (@ ]'[XsL(a)*Xu (@)]=[bu (a).by ()]

[, (@), a21U (a)]-[ (a)]+[ay (a a22U a)]-
+[ Ay (@) 2y, (@) ]- [st ). Xay (@) ] =10y (@), by, ()]
[0 (@), ()] [ (@)% (@) ]+ [2an (@ a32U ()] Daw (@) 2 (@)]
+[ g (@) 85y (@) ][ X0 (@) %y () ] = [ by (@) by, ()]

We now need to simplify these equations.

[ Xz L qu ]

©)

Assuming that all the &; and b, are triangular fuzzy numbers and put

a =1 in Equations (4)-(6). Then we obtain the crisp linear system of equations

A X+ A X, + 33Xy = bl
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Ay X +ayX, +ayX =D,

A X 8y X, + 85X = by
The sign of the solutions X;,X, and X, determines the sign of the unknown
fuzzy numbers X,X, and X;. Let us assume for this discussion that all the

&; >0 and all the b, >0, so that we try for X, >0,i =1,2,3. We get from Equ-
ations (4)-(6)

[ailL X1|_( )'ailu( ) :| [a12L X2|_( )aizu (a)'xzu (0‘)]
[a13L( )'X3L(a)’aisu X3U J [bu_ ]

[azu_ (a)'xu_( ) az1u ] I:aZZL X2|_ a22u ( )'qu (a)]
+|:a23L (0’)' X3L (a)vazsu ( ) Xy (@ ( )] = |:b2L (a)'bzu (0!)}
|:a31L( ) XlL( ) a31u ] |:a32L XZL aezu ( )'qu (a):|

)

(8)

+ 2 (@)% (@ )'assu( ) Xy (@) ]=[bu (@) by, ()] ®
which yields a 6x6 crisp system of linear equations as below

Ay (@) Xy (@) + 8 (@) X (@) + 2 (@) X (@) =by () (10)

B (@)% (@) + 8 (@) X (@) +8ga (@) X (@) =By (@) (11)

Ay (@) Xy (@) + 8y (@) Xy (@) +ag (@) Xy (@) =by (a)  (12)

a) 2U ( )+a23u

)Xoy (@ )+assu o)

By (a) Xy (a
Ay (@ ) v (@

)+ A5 (
@)+ 8y (@

+ a3y

Using matrix notation this system can be written as

_ailL (a) CIPT (0‘) A5 (a) 0 0 0 XL (a) by, (0‘)
A (@) ay (@) ay (a) 0 0 0 %, (@) b, (@)
A (a) Agy1 (a) Ags. (a) 0 0 0 ) X3 (a) _ b, (a) (16)
0 0 0 Ay (0‘) Py (a) &3y (a) Xy (“) by, (0‘)
0 0 0 (@) Ay (@) Ay ()| | Xy (a) by (@)
0 0 0 Ay (0‘) A3y (0‘) 8330 (a)_ | Xau (0‘)_ by (a)_
Using
_a’llL(a) a’lZL(a) a13|_( ) 0 0 0 ] _XlL (a)_ —blL (a)_
o Ea; A Ea; Ayt Ea; 0 0 0 XzLEa; szEa;
& (@) a8y (@) 8y (@ 0 0 0 | X\ an _ by (a
W= 0 0 0 Ay (a) Ay (a) &3y (a) $ 87 Xy (“) av by (“) -7
0 0 0 Ay (@) ayy (@) 8y (a) X (@) by ()
L 0 0 0 Ay (a) Ay (a) Ay (a)_ | Xau (0!)_ _bsu (0!)_

we get a crisp system of the form W-S=V.
For obtaining the fuzzy solution for the fully fuzzy linear system of equations,

the necessary condition is that the coefficient matrix of the converted crisp sys-
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tem is invertible Vo e [0,1] .
The system (5.2.29) can be partitioned into two system as

I (a) P (0() T (0!) _XlL (0!) by (a)
Ay (0‘) Ay (0‘) Ay3 (a) | XaL (a) =| by (a)
A1 (0‘) A1 (0‘) Az (0‘) | XaL (0‘) by (0‘)

and

Ay (0‘) Py (0‘) A3y (0‘) _XIU (0‘) by (a)
o (a) Ay (“) A3y (a) | Xay (a) =| by (“)

Ay (a) Ay (a) Az (a) | Xau (a) by, (a)

That is, W, -S =V, and W, S, =V, . The solution of these crisp systems
determines X (a) and X, (a),i =123« 6[0,1], which are used to recon-
struct the components of 3x1 fuzzy vector X .

After solving for the X, () and X (a),i=12,3a€[0,1] we check to see
if the intervals X :[XiL (), %y (a)} , i=123ae [0,1] define continuous

fuzzy numbers for i=1,2. What is needed is:
0
1) —(x, ())>0,
) 2 (n (@)
0

2) £<Xiu (a)) <0,and

3) X (1)<xy (1) for i=123 (equality for triangular shaped fuzzy num-
bers).

3.2. Extension Principle Solution

We denote the extension principle solution of a system of fuzzy linear equations
by X, and it always exists but may, or may not satisfy the original system of
fuzzy linear equations. Thatis, A-X_, =B may, or may not be true.

Let the components of X, are X,X, and X,. In this method, we need to

fuzzify the crisp solutions
_ bl (azzass — 8y38y ) —&; (a33b2 B azsbs ) + 8, (aszbz - azzba) (18)
a11 (azz aes - aezaza ) - a12 (3'21a33 - a31a23) + a'13 (a21a32 - aelazz )
a, (a33b2 B azsbs ) - bl (a21a33 — 83,83 ) +a;3 (a21b3 - a31b2 ) (19)
a11 (azzass - aaz a23 a12 (3-21a33 - a31a23 ) + a13 (a21aez - a31a22 )

)_
X = a11 (azzbs - aszbz ) - alZ (a21b3 - a31b2 ) + b1 (321a32 - a31azz ) (20)
? ay (azzass — 838y ) —ap, (321333 — 8431853 ) +a;, (a21asz — 838, )

X, =

using the extension principle.
Let

hl(ail.l’312'313’aZl’aZZ’aZS'a317a32’a33’b1’b2’b3) = Xl’
hZ (a'll’aiZ’a‘lB’aZl’aZZ'a23’a‘Sl’a32’a33’bl’b2’b3): XZ’

and
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hy (8,801 845,851, 850,855, 85y, 859, 855,00, 0, ) = X, .

To obtain the first component X, in X, , we substitute

for
81,815, 83,851, 8y, 83, 8gp, gy, 8g3, 0,0y, 1,
in h(a,,8,,85; 8,,8,,8;,8,85,845,0,b,,b,) and evaluate using the exten-
sion principle.
It should be noted that,
A=ay, (azzaea — 88 ) —ay, (a21a33 — 858, ) +a3 (a21a32 — 8538, ) #0,

that is, the determinant of the coefficients matrix must be nonsingular and in-

vertible.

Let a-cutof X is X [ar]=[%, (). %y ()]

Then the a-cut of X, can be written as

X, () =min{h (2,85, 8,5,8y, 80, 8y5, 84, 85y, g5, 01,15, b3 ) :
a; e &[a].bjeb [0‘]}

Xy (@) = max {h (a8, 845,851, 85, g5, a1, By, 83,14, by by ) -
a; <& [a].b; bj[]}

Or,

X, (a) _ min{ bl(azzass _a23a32)_a12 (assbz _a23b3)+a13 (aszbz _azzba)
L =

a; (azz 833 — 83,853 ) —ap (a21a33 — 85,853 ) +a;, (azlasz — 858y ) ,

o, < [a.b, <5 o]}

(21)

b1 (azzaes — 8y ) —a (assbz - azsbs ) +a; (aezbz - azzbs)
a11 (azzaes - aszaza ) - a12 (a21a33 - as1a23 ) + a13 (a21a32 - a31a22 ) (22)

o, 3 [a].b, <5 o]}

X () = max{

for a€[0,1] and 1<i,j<3.
Similarly, a-cut of X, is X,[a]=[X, (@) Xy («)]. Then the a-cut of X,
is
X (a) _ min{ a, (aesbz _a23b3)_b1 (a21ass B a31a23)+ a3 (a21b3 B a31b2)
o a, (azzaes — 85,853 ) —a, (321333 - a31azs)+ A, (321‘332 - a31a22)

oy & [a]b, <5 o]}

(23)

a; (assbz - azsba ) - bl (321a33 — 85,8y ) +a;, (a21b3 - a31b2 )
a11 (azzaas - aazaza ) - a12 (a21ae3 - a31a23) + a13 (a21a32 - a31a'22 ) (24)

s, 4, [a.b, <6, o]

Xy (20) = max{
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for a 6[0,1] and 1<i, j<3.
And the a-cutof X, is X[a]=[Xy (@), %y («)]. Then the a-cut of X, is
X (a) — min { a, (azzba - aszbz ) —a (a21b3 - a31b2 ) + b1 (a21a32 — 838, )
* an (azzass - aazaza ) - a'lZ (a21a33 - a31"’\23 ) + a13 (a21a32 - aGlaZZ)

(25)
8; € &;[a].b; eb [0’]}

Xay (a) = max{ ! (a22b3 ~asb, ) — (a21b3 —ayh, ) +hy (a21asz - aelazz)

a, (a22a33 — 853,853 ) —ap (a21a33 — 85,853 ) +a;, (a21asz — 858y ) , (26)

a; €, [a],b; eb, [0‘]}
for a€[0,1] and 1<i,j<3.
After solving for the X (a) and X, (a),i =123 a¢e [0,1] we check to see

if the intervals X, :[XiL (), %y (a)] , 1=12,3,a€[0,1] define continuous
fuzzy numbers for i=1,2. What is needed is:

0
1) a(xm(a))>0,
0
2) £<Xiu (a))<0,and

3) X (1)<xy (1) for =123 (equality for triangular shaped fuzzy num-
bers).

Now by setting X, = we can check whether A-X_ =B istrue or false.

XN

If we set « =1, we get the crisp solution X from Equation (21) and Equation
(22); crisp solution X, from Equation (23) and Equation (24) and crisp solu-
tion X, from Equation (25) and Equation (26) by assuming all the a; and 5]
are triangular shaped fuzzy numbers and X, (1) =X (1)=x,i=1,2,3.

3.3. a-Cuts and Interval Arithmetic

We denote the a-cut and interval arithmetic solution of a system of fuzzy linear

equations by X, and it always exists but may, or may not satisfy the original

system of fuzzy linear equations. Thatis, A-X, =B may, or may not be true.
Let the components of X, are X,X, and X,. In this method, we need to

fuzzify the crisp solutions

_ bl (azzass - azsaez ) - a12 (aesbz - azabs ) + a13 (aezbz - azzbs)
ay (azzasa — 83,8, ) —ap (a21a33 - a31‘5‘23) +a;, (a21a32 — 838, )

X, = a, (assbz B azsbs) B bl (a21aa3 — 83,83 ) + a3 (a21b3 B aubz) (28)
, =

a11 (azzasa - aezazs ) - a12 (a21a33 - a31a23) + 313 (a21aez - a31a22 )
a, (azzba B aazbz ) —a (az1b3 B a3lb2 ) + bl (321332 — 838, )

(27)

X

X3 = (29)
a (azz 833 ~ 85,853 ) — 8y, (a21a33 — 858y ) a3 (a21asz — 838, )
using a-cut and interval arithmetic.
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We substitute the a-cuts of &,,8,,,8,;, 8,8, &y, 8y, &y, 0,0y, for
Ay, 8y5,8y3,8,,8y,, 8y, 84,85, 855,0,,0,,b, in Equations (27)-(29) and the sim-
plifying using interval arithmetic we obtain the a-cuts of X,X, and X;.
It should be noted that
A= a, (azzass — 85,3, ) —a; (a21a33 — 85,8, ) +a;, (a21a32 — 85,8y ) #0 >
that is, the determinant of the coefficients matrix must be nonsingular and in-
vertible.
Let a-cutof X, is X [a]=[x, (a).%, ()]
To find the a-cut of X, we substitute
31003z By By B B By B B By, By By
for @,,,8,,,85,8y,8,),8y;,8,8s,384,0,0,,b; in Equation (27). Then we get,
% [a] - b [o])(8 ()8 [0] - B[] []) - B[] [@]Pu [ @] - B[] [@]) + B [ @] (B[], [ ] - B [ ][]
a_n[a](azz [a]§33[a]—a_32[a]§23[a]) alz[a]( 21[0‘]a33[0‘] asl[a] 23[“])+a13[0‘]( 21[0‘]382 [0‘] 531[0{]522[05])
Let us assume that all &@; >0 and all the 5] >0. Then by simplifying and

using the interval arithmetic we get,

(blLaZZLaSSL _blU a'23U a32U )_(a12La33Lb2L a:I.ZU a23U 3U ) (a13La32L 2L a:I.3U aZZU bSU ) (30)

X la)=
: ( ) (a’llU azzu a33u - a:l.lL a32La23L ) - (a:lZU a21u aasu - a12|_a31|_a23|_ ) (a13U a21u aszu - a13La31La22L )
And
X, (0!) _ (blU Aoy Ba3y — blLaZSLaSZL ) B (aizu 33y bzu B a’12La23Lb3L ) + (a13u A3y bzu B a13La22Lb3|_ ) (31)
v (ailLaSZLaZSL - a:l.lU azzu aesu ) - (auLaelLazaL - a12u a21u aa3u ) + (a13La31La22L - aiBU a21U a32U )

Again let a-cut of X, is X, [ [XZL ), Xy (e )] . To find the a-cut of X,

we substtute 8,,,8,,,3,3,8,,3,,, 53,8y, 85, 83,0, 0,,0; for
8y, 815,813, 8y, 859, B3, 831, By, 853, 0,0, , 0
in Equations (28). Then we get,
1 00 3 0 o N o A 0 o 0 e G G G D A A A )
an[a](azz[a]a%[a]—agz[a]azs[a])—an[a]( 21[&]%3[a]—a31[a]a23[a])+als[a]( 21[a]a32[a]—a31[a]a22[a])
Let us assume that all &@; >0 and all the 5] >0. Then by simplifying and

using the interval arithmetic we get,

(allLa33Lb2L — 8y 83y bsu )_ (aZlLaSBLblL — 831y 8y blU ) (313La21|_ 3L — 13y a31u 2U ) (32)
anu azzu a33u - a11|_ a32|_a23|_ ) - (aizu a21u aesu - aiZLa’&lLa23L ) (a'13U a21u aezu - a13La31La22L )

X () = (

And

(auu a23u 3y — 81 831 ZL) (a31U A3y blU - a21|_ass|_bl|_ ) + (a13U Ay bzu B aiSLaZlLb3L ) (33)
a11|_ aGZLaZ3L - a:l.lU azzu assu ) - (a12La3lL aZ3L - a12U a21u asau ) + (a13La3lL aZZL - a13u a21U aszu )

Xy (@)= (

And finally, let a-cut of X, is X;[ar] =%, (), Xy ()]. To find the a-cut
of X, we substitute @,,a,,,8,5,8),8,,8y, &y, By, 8y, 0;,0,,0, for
all’alz’a13’a21’a22’a23‘a3l’a32’a33'b1‘b2’b3

in Equations (29). Then we get,
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511[0‘](522[0‘]63[0‘]_a_sz[0‘]62[0‘])_512[0‘](_21[0‘]5[0‘]_531[0‘]6[‘)‘])J“61[0‘](_21[05151_32[0’]_‘3‘_31[0‘]522[0‘])
a_11[0‘](522[0‘]533[0‘]_a_sz[0‘]523[0‘])_‘5‘_12[0‘]( 21[0‘]6‘33[0‘] a31[a]a23[a])+a13[a]( 21[0‘]332[0‘] aﬂ[“] 22[0‘])

Let us assume that all a; >0 and all the 5] >0. Then by simplifying and

R [a)-

using the interval arithmetic we get,

(a'llLaZZL 5L~ iy aszu 2U ) (a'12La21L 5L~ Ay a31U 2U ) (a21La32LblL — 831y 85y blU )
(a’llU azzu a@su - allLa'32La23L ) - (a:LZU a21U as3u - a12|_a31|_a23|_ ) + (a13U anu aazu - a13,|_"3"31La22|_ )

And
(a11u A3y bzu . a22L 3L ) (aizu a31u 2U a12La21L 3L ) (asw Ay blU a21|_a32|_bu_ )
ailL a32|_a-23|_ - a’llU azzu a33u ) - (a12La31La23L - a:lZU a21u aesu ) (a13L aSlLaZZL - a13u a'21u aszu )

After solving for the X, (&) and X («),i=12,3a€[0,1] we check to see
if the intervals X :[XiL (), %y (a)} , i=123ae [0,1] define continuous
fuzzy numbers for i=1,2. What is needed is:

D (% (@))>0,

Xy ()= (34)

(35)

Xy (@)= (

0
2) a(xiU (a))<0,and
3) X (1)<xy (1) for =123 (equality for triangular shaped fuzzy num-

bers).

Now by setting X, = we can check whether A-X, =B is true or false.

XX

If we set o =1, we get the crisp solution x, from Equation (30) and Equation
(31); crisp solution X, from Equation (32) and Equation (33) and crisp solution
X; from Equation (34) and Equation (35) by assuming all the &; and EJ are
triangular shaped fuzzy numbers and X, (1) =x, (1)=x,i=1,2,3.

4. Applications
4.1. Classical Method

Consider the system of fuzzy linear equation in matrix form

(1/213) 0 o %] [(-1/1/2)
0 (3/415) 0 ||%|=| (1/2/3)
0 0 (6/8/12)||% | |(2/5/8)

We solve this fuzzy matrix equation using the classical method.

The above system can be written as
(1/2/13)% =(-1/1/2)
(3/415)%, =(1/2/3) (36)
(6/8/12)%,=(2/51/8)

Here a,=(1/2/3), &, =(3/4/5),and a,=(6/8/12).
Also, we have, b, =(-1/1/2), b, =(1/2/3) and b, =(2/5/8).
Then the a-cuts are:
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3, [a]=[ay (@), 8y, (@)]=[1+a.3-a],
8z [ ] = [ (@), 2 ()] =[3+ @, 5-a],
8 [@] = [ (), 8y (@) ] = [6+ 21,12~ 4],
b [a] = [by (@).by (@)]=[-1+2a,2-a],
by [a]=[by (@) 2 ()] =[1+@.3-a],
by [a] = [by (@), 24, ()] =[2+3,8-3a], vare[0.].

Now substituting the a-cuts of @, @,,, &,, b, b, and b, for a,, a@,,
a,, b, b, and b, in the system (36) and we get
[1+a.3-a][ %, (a). %y (a)]=[-1+2a,2-<]
[3+a,5—a][x2L (), %y (a)] =[1+a,3-q] (37)
[6+20,12—4ar][ %, (), Xy (@) ] =[2+3a,8-3¢]

If we put « =1, we get the crisp solutions x, =1/2, X, =1/2 and x, =5/8.
So we assume we can get a solution with X, >0,% [1]=3/2, X, >0,X,[1]=5/4
and X, >0,X,[1]=5/8.

From Equation (37) we get,

(1+a) %, (@) = (-1+2a) or le(a):(‘(i:i‘;‘)
(1+a)
(B+a)X, (a)=(1+a) or XZL(a)=(3+a)

—~

2+3a)
6+2a)
2-a
:(3—0:
3-«a

(6+2a)x, (a)=(2+3a) or x, (a)=

—~

(38)

—~
~—

(B-a)xy, (a)=(2-a) or x, ()

~—

—~
~—

(5-a)x, (a)=(3-a) or x, (a)=

(5-a)
(12-4a) Xy (@) = (8-3t) OF g (1) = ((182—_3;02)
We find that,
0 3 P 5
g(xl" (a)) = (1+a)2 >0; E(XZL (a))z (1+a)2 >0;
0 14 8 1
£(X3L (@)= (6+2) >0; %(Xlu (a)):_(B—a)z <0;
0 2 P 4
o (@)= 2 <05 ) =0

Thatis X, (@), X, (a) and Xy («) are increasing functions of « €[0,1]

and Xy (@), Xy (@) and Xy («) are decreasing functions of « €[0,1]. Al-
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s0 X (1) =%y (1), X (1) =%,y (1) and Xy (1) =xy (1).

[ e
o e 3 0301 ot e s o ey mumbes
[0 EOT5] e
aor % s -] G [ )-5
The support of %, is X, [o]{ E;g;,%Hg,g} and modal of %
o 5| e | (3]

The support of X, is 73[0]:{(2+3X0) (8_3X0)} 33

(6+2x0)"(12-4x0)

o {(2+3><1) (8—3><1)}=[§ §}=§

:[1 g} and modal

of X, is X,[1|= , , .
5 is %[ (6+2x1) (12-4x1)| [8'8] 8
Therefore we can say that, the classical solution X_ exists and its compo-

nents are continuous triangular shaped fuzzy numbers
% z[_1/1/3) %, z(l/l/Ej and ¥, z(l/E/E).
2 3 325 383

The membership function of the triangularly shaped number X = [—1/ %/ %j

is

(-1+2a) (1+x) 1
= = ,for —1<x<=—,
(ra) ~Ha=ma=goy for 1sxsy
and,
(2-0) (2-3x) . 1 2
= = =a= ,for =<x<—
X =) ty (X)=a = or S<xX<g
. . — 1.2
Thus the membership function of X, = [—1/ E/ Ej is
(1+X), for—lsx<1
(2—-x) 2
py(x)=1(2-39 1 2 (39)
(1-x) ' 3
0, otherwise
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and its graph is shown in Figure 1.

The membership function of the triangularly shaped number X, = (%/ %/gj

is

(1+a) (1-3x) 1 1
= =a= sfor —<x<—,
(Gra) M)z = iy for 35x=5
and
(3-a) (3-5x) 1 3
= /- =a= for —<x<=.
X5y M T or =X
. . - (1,1,3) .
Thus the membership function of X, = (5/ E/EJ is
(1_3)(), fOFESXSE
(x-1) 372
2 = - 40
#s, (X)=1(3 5x), for Ley<d (40)
(1-x) 2 5
0, otherwise

and its graph is shown in Figure 2.

And the membership function of the triangular shaped number X, = (% / g / éj

is

-1 05 05 05 05 05

Figure 1. Graph of the membership function of X, = [—l/ % / %) .

1T
08
0.6 |
04t

0.2}t

0.4 0.5 0.6 0.7 0.8

Figure 2. Graph of the membership function of X, = (% / % / gj .
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2+3 -
X:( i a)b,usl_(x):a:w,for 1SXS§,
(6+2a) (2x-3) 3 8
and
(8—3a) (8-12x) 5 2
S b =g=-—"") for 2<x<=
2ty Fe T gy o g XEy
. . - (1,5,2) .
Thus the membership function of X, z[gl 5/ gj is
(2_6)(), for f<xs<>
(2x-3) 3 8
. = - 41
Hy (X)=1(8 12) (05 .2 (41)
(3—-4x) 8 3
, otherwise

and its graph is shown in Figure 3.

Finally the graph of the classical solution

] .
X ~|-1/=/=
. ( 2 3)

is shown in Figure 4.

0.8
0.6
0.4

0.2

0.3 0.4 0.5 0.6 0.7

Figure 3. Graph of the membership function of X, = [% / g / %) .

08 =
‘/ X
0.6 E
04
—— %
0.2
{ ' |
-1 0.5 0.5 1

Figure 4. Graph of the classical solution X, .
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4.2. Extension Principle Method

Consider the system of fuzzy linear equation in matrix form

(1/2/3) 0 o (%] [(-1/1/2)
0 (3/415) 0 ||%|=| (1/2/3)
0 0  (6/8/12)||%, | |(2/5/8)

We solve this fuzzy matrix equation using the extension principle method.

Here, a,=(1/2/3), a,=0, a,=0, a,=0, a,=(3/4/5), a,=0,
a,=0, a,=0 and a,=(6/8/12) . Also, we have, b =(-1/1/2),
b, = (1/2/3) and b, =(2/5/8).

Then the a-cuts are:
a[a]=[au (@) .ay ()] =[1+a,3-a],
A, [a]=[ay (@) 8y, (¢)|=[3+a5-2],
B[] =2 (@) 8y (@) ] = [6+2a,12-4a],
bl[a] =[by (a).by (@) ]=[-1+20.2-0],
1=[b, (@) ay ()] =[1+a.3-a],
b, [e] = [bsL (),ay, (a)]=[2+32,8-3a], Va €[0.1].

Now the crisp solutions are

bl(a22a33_a23a32) a12 (a33 a23 ) al (a32 a‘22 ) — a22a33b1

(B — By ) By (s — gy )+ B (B —Bnlg) Byl
v Py (Bu 80,805,851, 8, g5, 8y, 8,3, B, by ;) = % (42)
y, = 8y (s, — 8Dy ) by (30855 By ) + 85 (30 —8sD,) 3aub,
A, (8855 — Aspzs ) — iy (B 8ss — Bnys ) + 813 (BpBs — BBy ) A8yl
hy (81,81, 815, 851, 27 B By B, B3, 11,0, =:—2 (43)

22

X = a11 (azzbs - aazbz ) - a12 (a21b3 - a31b2 ) + b1 (a21a32 - a31a22 ) _ anazzbg
? ay (azzass — 838y ) —ap, (321333 — 8431853 ) +a;, (a21a32 — 838, ) 8185853

b
hs(a111a12'a1313211azwaza'asvaszlass’blvbz’bs) :a_3 (44)
33

b b
Since i, —% and — are increasing functions of b, b, and b,; and
a11 a'22 a33
decreasing functions of a,, a,, and a,then

m{;l b, <B[a], auean[“]} atil(w))

and max i eb[a €ea,|a =blu—(a) ae
o mox| Bob cBla)a, emfuf) - 20 vacfoa)
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. __blL(a) blU(a) | -1+20 2-«a
”Xi[a]__ailu (a),allL(a):|_|: 3-a ’1+6¥j|
Similarly,
(b, (a) by ()] [1+a 3-a
XZ[a]__azzu (a),aZZL(a)}_I:S—a’3+a:|'
Also,
o1 | by(a) by(a)| [2+3a 8-3a
Xs[a]_{am (06)’%3L(a)}_[12—4a’6+2a}
Here,
2-a 3-«a 8-3a
 (0) = T () =g () =5y
We find that,
0 5 0 6
@(M(“)FW”; g(XzL(G)FWW;
0 __ M4 ___ 3 ,
Q(XSL(Q))_(Q—M)RO 5w (@) (1+a)2<0’
0 6 0 34
%(qu (a)) = _m< 0; %(Xsu (a)) = _m< 0.

That is, X, (@), X, (@) and X, (@) are increasing functions of « €[0,1]
and Xy (@), Xy (@) and Xy («) are decreasing functions of « €[0,1]. Al-
s0 X (1) =%y (1), X (1) =%,y (1) and xy (1) =xy (1).

Hence,
_[a]:[—l+2a 2—0{} Y[06]:[1+a 3—0:} and Y[a]:{2+3a 8—30:}
% 3-a 'l+a| 5-a'3+a 3 12-4a ' 6+2a

define the a-cuts of three fuzzy numbers respectively.

Now the support of X, is 71[0]2[_1;_2;0,%}:{—%,2} and modal of
% s _[1]_ -1+2x1 2-1| 11 _l.
R 3-1 '1+1] |2'2] 2°

The support of X, is 72[0]:[;%2,%}={%,1} and modal of X, is

_ 1+1 3-1 11 1
X2[1]: —_—— | === | ==

5-1 3+1 22| 2
2+3x0 ,8_3X0}:[1 i} and modal of
12-4x0 6+2x0

6'3
_— Y[l]_[2+3x1 8—3x1}_[§ 5}_§
$ 3 12-4x1'6+2x1] |8'8]| 8°

and the support of X, is ¥X,[0] :[
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Therefore we can say that, the extension principle solution X, exists and its

components are continuous triangular shaped fuzzy numbers X = (—%/ %/ 2) ,

Yzz(lllllj and Y3z(l/§/£j.
5 2 6 8 3

The membership function of the triangularly shaped number X = (—%/ %/ 2) ,

is

-1+2 1+3
XZMSML(X):Q’:M,fOr —ESXSE,
(3—a) (2+X) 3 2
and
_ 2-
x=22% ﬂiu(X)=a=( X),for o<

(1+3x 1 1
, for—=<x<=

(2+x) 3 2

(1+ x) ’ T

0, otherwise

and its graph is shown in Figure 5.

The membership function of the triangularly shaped number X, = (%/ %/ 1}

is

(1+a) (-1+5x) 1 1
= = ,for =<x<=,
(5-a) *=) @+x) 52
and
:(S—a) 2U(X)zoc:(‘?)_sx),for l£X<1
(3+a) (1+x) 2
Thus the membership function of X, z[%/ %/1} is
ﬂ f0r£< X <1
(1+x) © 5 2
Hs, (X) =1 (3-3x) for L<x<1 (46)
(1+x) " 2
0, otherwise

and its graph is shown in Figure 6.
And the membership function of the triangularly shaped number

xsz(l/ﬁ/fj is
6'8 3
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2 25

0.5 1 1.5

Figure 5. Graph of the membership function of X = (—% / %/ 2].

1F
0S8}
0.6}
o4l

0.2}

0.2 0.4 0.6 0.8 1 1.2

Figure 6. Graph of the membership function of X, = (é / % / 1] .

2+3a (-2+12x) 1 5
X= = gty (X)=a=~———=,for Z<x<=
12 -4a (3+4x) 6 8
and
8 -3« (8-6x) 5 4
= == Jfor —<x<—
X oraa e (X ma g P g=XEg

(-2+12x 1 5
, for=<x<—
(3+4x) 6 8
e (X)= (8_6)(), for2<x<? 47)
(3+2x) 3
0, otherwise

and its graph is shown in Figure 7.
Finally the graph of the extension principle solution

e

X =|-—=/=/2

. ( 32 J

. Yzz(lll/lj
5 2

73z(£/§/ij
L 6 8 3

X
I

is shown in Figure 8.
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0.8+

0.6t

04

0.2}

0.2 04 0.6 0.8 1 1.2 1.4

Figure 7. Graph of the membership function of X, = [1 / : / :}

0.8

wrynyrnny

™YY

R o e R S S S S B S

-0.5

Figure 8. Graph of the extension principle solution X, .

4.3. a-Cut and Interval Arithmetic

Consider the system of fuzzy linear equation in matrix form

(1/2/13) 0 0 (%] [(-1/1/2)
0 (3/415) 0 ||%|=| (/2/3)
0 0  (6/8/12)||%,| |(2/5/8)

We solve this fuzzy matrix equation using a-cut and interval arithmetic.
Here, a,=(1/2/3), a,=0, a,;=0, &,=0, a,=(3/4/5), a,=0,
, 8,=0 and a,=(6/8/12) . Also we have, b =(-1/1/2),
(1/2/3) and b, =(2/5/8).

Then the a-cuts are:

4[] =[au (@).ay () ]=[1+a3-a],
8y [a]=[ay (@) 8y (¢)]=[3+a.5-a],
8y [a] =2y ()83, (@)]=[6+20,12-4a],
bl[a] =[by (@)by, ()] =[-1+2a,2-a],

1=[b, ()2 (a)]=[1+a3-a],

b,[a]= [b3L (a),asu (a)]=[2+3a,8-3a], Va €[0,1].
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Now the crisp solutions are

_ b1 (azzasa - azsasz) a, (ass azs ) a3 (aszbz - azzbs)
a11 (azz a33 - aszaza) a‘12 (az1a33 a31a23) a13 (3-21a32 - a31a22 )

(48)
_ 350, _ i
;8583 &y
X, = Ay (g, — 8505 ) by (851855 — 85855 ) + A4 (@505 —83sb, )
ail (azzasa - aez a23 ) - a12 (a21a33 - a31a23 ) + a13 (a21a32 - a313-22 ) (49)
_ ay,350, _ b_z
Q18585 &y
X, = 8y, (b —agb, ) —ay, (auh; —ayb, )+ (ayas, —ayay)
a‘ll (azz aes - aszazs ) - a12 (a21aes - a31a23 ) + a13 (a‘21a32 - a31a22 ) (50)
_ ay,3,,0, _ b_3
;85,85 g

We replace a,,,a,,,8,,b,b,,b, by @,,a,,a,,b,b,,b, respectively in Equ-
ations (48)-(50).
Then,

% [al= H1[0[] _ [bll-(a)'blu (a)] blL(a) by, (a) 1+2a 2-«a
Xl[ ]_511[06] [auL(a)vauu(a)] l:allu (0‘) a:l.lL(a)j| [3_05 ,1+a}

Similarly,

(o]~ L] [ (@) b (a)] _{bm) by (a)H1+a =

3, [e] B [aZZL (), 8y (a)] BEW (@) 8y () 5-a 3+a |
Also,
< [a]: 63[0‘] [ a) by a)] |:b3L(a) by, (a)}:[ 2+3a 8_30‘}_
i 3, [a] |:a33L (@) sy (@)] |85 (@) asm (@) ] [12-4a 6+2a
Here,
12 015 - 23
to (@)= @) =k ()=
We find that,
0 5 0 6
%( L )):W> ; a( o ( ))_(5—0()2>0)
5 44 5 3
a(xa(a)):m>0 a(xlu(a)):—m<0;
0 6 0 34
a(xzu (a))z—m<0; a(x3U (a)) =_(6+2a)2 <0.

That is, X, (@), X, (@) and X, (&) are increasing functions of « €[0,1]
and X, (@), Xy (@) and Xy (@) are decreasing functions of & €[0,1]. Also
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X (1) =x5 (1), X (1) =%y (1) and X, (1) =Xy, (1).

Hence,
-1+2a 2-a l+a 3-« 2+3a 8-3a
X, = 1 bl X, = _l_ d X = 1
Xl[a] [ 3—-a 1+a} XZ[a] {S—a 3+a} o x3[a] {12—405 6+2a}

define the a-cuts of three fuzzy numbers respectively.

Now the support of X, is X [0]= [_]';—ZOXO,%}
- +

% is 71[1]:[—1+2x1’ﬂ}:[171}:l;
3-1 '1+1] [2'2] 2

140 3-0

ﬁ’ﬁ}

R = HERR
5-13+1 22] 2
The support of X, is X,[0]= 2+30 ,8_3'0}:[% %} and modal of X,

L 2+3x1 8-3x1 5 5
is Xs[l]: - , ==, 2 |==.
12-4x1 6+2x1 88| 8

Therefore we can say that, the a-cut and interval arithmetic solution X, ex-

= {—%, 2} and modal of

:[l,l} and modal of X, is

The support of X, is X, [0]=[ c

|
S
o
»
+
N
o

ists and its components are continuous triangular shaped fuzzy numbers
X = —EIE/Z , X, & l/E/l and X; = l/§/i .
32 5 2 6 8 3

The membership function of the triangularly shaped number X = (—%/ %/ 2)

-1+2 1+3
is XZMDML(X)ZQZ( * X),for —lﬁxsl,and
(3-a) (2+x) 3 2
2—-«a (2-x) 1
= —a= for —<x<2
g =t (¥)=a Lex) 2"
. . - 1.1
Thus the membership function of X = (—5/5/ ZJ is
(l+3X), fOY—ESXSE
(2+x) 3 2
y (X)=1(2- 51
4 (0=1(2 X), for <x<2 (51
(1+x)
0, otherwise

and its graph is shown in Figure 9.

The membership function of the triangular shaped number X, = (%/ %/ 1} is

1 -1+5
X=( +0‘)3 ZL(X):a:u,for lSXSl,and
1

(3-2) (3-3x) e
(3+a) w(X)=a= L) for —<x<l.
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05 0.5 1 1.5 > 2.5

Figure 9. Graph of the membership function of X = (—% / %/ 2).

Thus the membership function of X, ~ (%/ %/ lj is

ﬂ7 for l <x< 1
(1+ x) 5 2
- = L 52
H, (X)=1(3 3x), or et (52)
(1+x) 2
0, otherwise

and its graph is shown in Figure 10.
And the membership function of the triangularly shaped number

—2+12x
Y. E/E/E is X = 2+3a :ﬂ?’L(X):a:Q)for ESXSE,and
6 8 3 6 8

S 12-4a (3+4x)
8—3a 8-6x) _ 5 __ 4
_8-3%a o= for S<x<=.
612a ~ H0 ()= (3rax) 8"

Thus the membership function of X, = [%/ g/ %j is

(—2+12x) 1 5
~— 2 for=<x<—
(3+4x) 6 8
Hs, (X) =1 (8-6X) for 2<x<t (53)
(3+2x)’ 8 3
0, otherwise

and its graph is shown in Figure 11.
Finally, the graph of the a-cut and interval arithmetic solution

B

X =|——=/=/2

. ( 32 j

Yzz(l/l/lj
5 2

Ygz(llﬁ/ij
L 6 8 3

x
I

is shown in Figure 12.
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Figure 10. Graph of the membership function of X, = (é / %/ lj .
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Figure 11. Graph of the membership function of X, = (E / > / ij .

6 8 3
1 -
08
06/t
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E |
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Figure 12. Graph of the a-cut and interval arithmetic solution X, .

5. Results

Now we compare the classical solution X_, extension principle solution X,,

and a-cut and interval arithmetic solution X, for the system

(L/213) 0 0o %] [(-/1/2)
0 (3/4/5) 0 ||%|=| (1/2/3)
0 0 (6/8/12)||% | |(2/5/8)

From the above discussion, we get the solutions as follows
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classical solution X,

0.8
0.6
0.4

02

AR IRIARA SRR RRRRA

=}
3}
o
3}

y
'\extension principle solution and interval arithmetic solution
X, =X

WLRALLARALAY

=TT

05 T s

Figure 13. Comparison of the classical solution X_, extension principle solution X,,

and a-cut and interval arithmetic solution X, .

1,2)] i 1,1, )] i 1,1, )]

% ~[-1/1/2 x~[-1/1/2 x~[-1/1/2

Xi(zsj Xl(szj Xl(szj

X, = f2~(1/1/§j X, = fzz(l/iuj and X, = YZ:EE/E/lj
32’5 52 52

73:[1/53) Y3:(1/§/£j g:(llﬁ/fj

%~(3'8'3) ' %%6'8'3) %% 6'8'3)

Here we see that, extension principle solution X, and a-cut and interval
arithmetic solution X, are equal. That is, X, =X, . Hence we can say,
X, <X, <X,. The comparison among the classical solution X_, extension
principle solution X, , and a-cut and interval arithmetic solution X, is shown

in Figure 13.

6. Conclusion

The system of fuzzy linear equations undoubtedly plays a vital role in presently
applied mathematics. Here our intention was to establish some models of solving
that system and we presented three different methods of with their applications.
We came to know by the above discussion that among the three models extension
principle solution X, , and a-cut and interval arithmetic solution X, give the
same results. In the graphical representation we, find that the extension principle
solution X, , and a-cut and interval arithmetic solution X, meet at the same
point but the classical solution X is deviated a bit from the other two. Actually
the solving techniques and their comparison are the ultimate findings of our work.
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