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Abstract

In this paper, we shall establish sufficient conditions for the asymptotic stability of the zero
solution for a certain nonlinear non-autonomous third-order delay differential equation of the

following type

# + a(t)i + b(t)g(a(t — () + c(t)h(z(t — r(t))) = 0.

By using a Lyapunov functional as a basic technique, we obtain a result which includes and
improves some related results in literature. An example is given in the last section of this paper,
to illustrate our main result of stability.
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1 Introduction

It is well-known that the study of qualitative properties of solutions, in particular an investigation of
their stability, is a very important problem in the theory and applications of differential equations.
The stability of solutions of delay differential equations has been studied by a variety of authors
over the years. We mention only a few of such books, for example, [1], [2], [3], [4], [5] and other
references therein.

So far perhaps the most effective method to determine the stability behaviour of solutions of linear
and nonlinear differential equations, with or without delay, is still the Lyapunov’s second method.

The major advantage of this method is that stability in the large can be obtained without any prior
knowledge of solutions. That is the method yields stability information directly without solving the
equation.

Lyapunov functional is an interesting and fruitful technique to determine the stability behaviour
of solutions of linear and nonlinear differential equations. This technique has gained increasing
significance and has given impetus for modern development of stability theory of differential equations.

Besides it is worth-mentioning, that according to our observation, it can be seen some papers on
the stability of solutions of third-order delay differential equations (see, for example, Abou-El-Ela
et. al. [6], Ademola and Arawomo [7], Afuwape and Omeike [8], Bai and Guo [9], Omeike [10] and
[11], Remili and Beldjerd [12] and [13], Remili and Oudjedi [14], Sadek[15] and [16], Shekhare et.
al. [17], Tejumola and Tchegnani [18], Tung [19], [20], [21], [22], [23], [24] and [25], Zhu [26]) and
references quoted therein.

In this work, we consider the nonlinear non-autonomous third-order delay differential equation of
the following form

T +a(t)d +b(t)g(z(t —r(t))) + c(t)h(z(t —r(t))) =0, (1.1)

where 0 < r(t) < ~, v is a positive constant which will be determined later; a(t), b(t), c(t), g(&)
and h(x) are real-valued functions continuous in their respective arguments; g(0) = h(0) = 0.

The dots indicate differentiation with respect to ¢ and all solutions are assumed real.

Equation of the form (1.1), in which a(t), b(t), ¢(t) and r(t) are constants has been studied by
several authors, namely: Zhu [26], Sadek [15] and other references therein.

But Abou-El-Ela, Sadek and Mahmoud [6] and Tung [19] considered a(t), b(t) and c(t) as constants;
0 < r(t) <+, is apositive constant. To mention a few, they obtained criteria which ensure stability
and boundedness of solutions.

On the other hand, for a kind of non-autonomous nonlinear third-order delay differential equations,
the stability and boundedness results have been investigated only by a few researchers such as:

In 2005, Sadek [16] gave sufficient conditions for the asymptotic stability of the zero solution of
third-order delay differential equation

T+ a(t) + b))+ c(t)f(z@t—7r)) =0.

In 2008, Tung [22] established some sufficient conditions for the asymptotic stability of the zero
solution of nonlinear delay differential equation of third-order

T+ a(t)p(z, )% + b(t)Y(z,z) + c(t)h(z(t —r)) = 0.
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In 2010, Tung [24] obtained sufficient conditions for the stability of solutions of non-autonomous
third-order differential equation with a deviating argument r as

T+ a(t)E +b(t)g1(2(t — 1)) + g2(2) + h(z(t — 7)) = 0.
In 2010, Omeike [11] studied the stability of the same above equation on Sadek’s [16] by another

way.

Recently in 2013, Shekhar et. al. [17] investigated the conditions of stability of third-order non-
autonomous nonlinear differential with delay

T+ a(t)z + b(t)g(z) + h(z(t —r)) =0.
In this work, by constructing Lyapunov functional we obtain a new result of stability, which
complement and extend the previously known results.

Remark 1.1. Clearly the equation discussed in Sadek [16] and in Omeike [11] is a special case of
equation (1.1) when r(¢t) = r and g(z) = @. Moreover, if g(z(t — r(t))) = g(¢), r(t) = r and
¢(t) = 1 reduces to the case studied by Shekhar et. al. [17].

2 Stability Results

In order to reach the main result of this paper, we shall give some basic information to the stability
criteria for the general non-autonomous differential system with retarded argument

z=f(t,xe), ze=x(t+0), —r<0<0, t>0, (2.1)

where f : [0,00) X Cg —" is a continuous mapping, f(¢,0) = 0. We suppose that f takes closed
bounded sets into bounded sets of ™. Here (C,||.||) is the Banach space of continuous functions
¢ : [-r,0] =™ with supremum norm, r > 0; Cg is the open H—ball in C; Cy := {¢ € C([-r,0]," ) :
lloll < H}.

The following are the classical theorems on uniform stability and uniform asymptotic stability of
(2.1). It goes back to Krasovskii [5].

Theorem 2.1. [27] Let V(t,¢) : Cu — be a continuous functional satisfying a local Lipschitz
condition and the functions W;(r), (i = 1,2) are wedges, satisfying

(z) Wi(|9(0)]) < V(t,¢) < Wa(ll¢ll) and

(1) Vioay(t, ) <0.

Then the zero solution of (2.1) is uniformly stable.

Theorem 2.2. [27] If there are a Lyapunov functional V' for (2.1) and functions Wi(r), (i =1,2,3)
are wedges such that

(i) Wa(|¢(0)]) < V(t, ¢) < Wa(||¢l) and
(1) Vi (t,z) < —Wa(|z(t)]).

Then the zero solution of (2.1) is uniformly asymptotically stable.
The main objective of this paper is to prove the following theorem.

Theorem 2.3. Suppose that a(t), b(t) and c(t) are continuously differentiable on [0,00) and the
following conditions are satisfied

(i) h(0) =0, M2 > 5, >0 (x#0) and h'(z) < c1, for all x.
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(#) ¢(0) =0, (— >b>0(y#£0) and ¢'(z) < ca, for all y.

(4i2) 0< o, §c( ) <b(t), —L<b(t) < (t) <0, fort > 0.

(ww) 0<A<a(t) <L, fort>0.

(v) 3a'(t) <62 <61(b—acy), fort>0.

(vi) r()) <y andr'(t) <B,0< B < 1L

(vii) [57 |/ (t)|dt < oo, ¢'(t) = 0 as t — oo.

Then the zero solution of (1.1) is uniformly asymptotically stable, provided that

5(1—p) (A —-1)(1 - B) }
aL(l+a)+ Lici +c2)(1—B) coL(1 + ) + La(er +e2)(1 = B) |’

7 < mm{
where
03 1= (51(() — 0661) — 02 > 0.

The following Remark is important for the proof of the main result.

Remark 2.1. From (ii3) it follows that b(t) and c(t) are non-decreasing functions on [0, c0). Thus,
since they are continuous on this interval and bounded below by d1 > 0, they are bounded on [0, o)

and the limit of each exists at ¢t — oo.
Since L in (4¢4) and (4v) is an arbitrary selected bound, we can also assume that
0< 61 <e(t) <b(t) < L,
lim ¢(t) = co, lim b(t) = by,
t—o0 t—o0
01 <co<by <L.
Proof of Theorem 2.3. We write equation (1.1) as the following equivalent system
T =y,
Y=z
z=—a(t)z —b(t)g(y) — c(t)h(x)

w0 [ s e [ W

Define the Lyapunov functional as
V(t7 Tty Yt, Zt) = e*l’(t) U(t7 Tty Yt Zt)a

where v(t fo |’ (s)|ds. It may be assumed that [ |¢/(t)|dt < N < oo and

Ut 21, 90,20) =el) / " h(€)de + ac(t)hx >y+§a< D9 + ab(t) / glnydn + yz

+ = az —|—)\/ / d@ds—!—u/ / 0)dods,
—r(t) Jt+s —r(t) Jt+s

where o > 0 is any number chosen such that

l<a<£
A Cl’

and A, u are two positive constants, which will be determined later.

(2.4)

(2.6)
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So that from (2.5) and (2.3), we find

dUu

=<0 [ Hede+ ad D@+ acOl @ + 50/ (0°

1 ab(t) / " g(m)dn + 2 — aa(t)2? — b(H)gw)y
az)<b "(y(s))z(s)ds + ¢ '
swran o [ g e

R (z(s))y(s)ds
W Ees

+ () — A1 — r'(t))/t " y2(0)d0 + p2°r(t) — p(1 — /(1)) /t_ " 22(0)d6.

Since h'(z) < c1, ¢(t) < L by (2.2); and by using the inequality 2uv < u® + v, we have
¢ / 1 2 1 2
c(t)(y+ az)/ h(z(s))y(s)ds §501Lr(t)y + §claLr(t)z
t—r(t)

1 t
+ §clL(1 + a)/ v (s)ds.
t—r(t)
Also since ¢'(y) < ¢z, b(t) < L by (2.2); and by using the inequality 2uv < u? + v?, we obtain

b(t)(y + az)/t " g (y(s))z(s)ds S%CQLT(t)yQ + %czosz"(t)z2

¢
+ 1ch(l + a)/ 2(s)ds.
2 t—r(t)

Therefore we get

dau

L <) [ hiede + ac by + actn (@ + 3a'” +ab'0) [ gt

+ 22 — aa(t)z? — b(t)g(y)y + %L(cl + eo)r(t)y® + %aL(cl + co)r(t)2?

1 k 1 ¢
+-aLl(l+ a)/ y*(s)ds + =2 L(1 + a)/ 2°(s)ds
2 t—r () 2 t—r ()

+ APr(t) — A1 — r/(t))/t " y2(0)d0 + p2°r(t) — p(1 — 7' (1)) /ti " 22(0)d6.

Since r(t) <« and r’(t) < 3, we find

x Yy
T << [ RO +ac Dby + el @ + 3O + 0 (1) [ alaydn
12— 0a(t) ~b(O)gW)y + yLa(er + 2y’ + Laln(er + )7
+A2+{1 1+ Akg} t 2(s)d
R R e e AR AL
+ 2+{1 (1+ kﬁ}t 2(s)ds.
w1 a) - u(1 - B) /Hmz(s)s
If we take
_al(l+a) L1+ a)
A=A 20 m=aog 2O (2.7)
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So that
)& +ad (Dh(@)y -+ 50/ (0" +ab'() [ gty

(
- [ (t ){%%}?ﬁ — ac(t)h'(z)y” — Myy® - %Lv(a + C2)y2}

;{( a(t) —1) — Lay(cﬁc?)_QM}ZQ

From (z), (ii) and (2.2), we have

<o) [ e +ab(t) [ atmin+ad (e + 30O

1
— {51(19 —acy) — §L’y(61 +c2) — A’Y}?JQ

- %{Q(aa(t) — 1) — Lary(cr + ¢2) — 2u7}22

According to (iv), aa(t) > aA > 1 by (2.6); thus
<0 [ neds+ab @) [ gtin+ad (Wh@y+ 3 (07
{ (b—ac1) — fL'y(cl +c2) — /\'y}y2

5{ (@A — 1) — Lavy(ci + ¢2) — 2u7}22

From (v), it follows that

d / * ’ Y /
GV <) [ n©d+av®) [ amdn+ac Oha)y
+ {52 —01(b—ac1) + %L'Y(Cl +c2) + )\'y}y2
— %{2(0[A —1)— Lay(er + ¢2) — 2,wy}z2

If we let 03 := 61(b — ac1) — b2 > 0, then from (2.7) we find

GVt ) <) [ n©d+av @) [ amn+oc Oha)y

0

_ {53 _ %L’y(cl Feo) - %w}f (2.8)
_ {(aA —-1)— %La’y(q +c2) — %7}22.

Next we show that
x Yy
c’(t)/ h(¢)d¢ + ab’(t)/ g(m)dn + ac (t)h(z)y <0, for all z,y and ¢ > 0.
0 0
From (iii), —L < b'(t) < '(t) <0 for t >0, if ¢/(¢) = 0 then

¢ (1) / " h(€)de + ab' (1) / ! g(m)dn + ad (Dh(x)y = ab' (1 / " g(mdn <0,
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since b'(t) < 0 and [ g(n)dn > 0.

For those t's such that ¢/(¢) < 0 and b/gg < 1; by (i4i) we have

¢ (1) /0 " h(€)de + ab' (1 /0 Y g + ac (O h()y

<f ["nede+a ["sman+ ann}.

Since h'(z) < ¢y and £ ( > b > 0 implies that [ g(n)dn > 1by?, therefore we find

¢ (1) / h(E)dE + ab (8) / ! g + ac (Dh(z)y
{%%bym e+ [ o= Sremeas|
/01—% )d§<c(>64/:h(5)dfso,

Whereé451—%>l—$—O,forallac,yandt.

Thus we can write (2.8) as the following

. 1 al(l+a) | -
e < -85 — = T 21-p8)
dtU(t, Tt, Yi, 2t) < {53 QL’Y(CI +e2) 2(1-0) W}y

- {(aA -1) - %LOJ’Y(Cl +c2) — %’y}zg

If we choose

. 33(1 — B) (A -1)(1-78)
V< mm{clm Y o)+ L(e+ ) (1 =B) L +a) + La(e + c2)(1 = B) }

then we have

%U(t,mz,yz,zt) < —ki(y* +27), for some k; > 0. (2.9)
Since the integrals Affr(t) ﬁ+5 y2(0)dfds and ;Lf r(t) ftJr 0)dfds are non-negative, then from

(2.5) we have

UZc(t){/ozh(ﬁ)dE—&-a%/oy (m)dn + ah(z }—i— Za(t)y® +yz + az.

From the conditions i(—g > 1, c(t) > 61 > 0; by (44i), and £¥ ) >b>0 implies that fo g(n)dn >

%by2, then we obtain

U(t,xt,yt,zt)zal{/jh(@ %%(by+h( )2 —l%hﬁ(x)}
1

1
+ Qa(t){ 7)} ﬁ(aa(t) -1)z*

According to (iv) and (2.6), clearly aa(t) — 1 is positive. Thus there exist a positive constant ds
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such that
Utz > 01| [ {1=S0(@ fhi@as + 5 o+ h@)] + oo+
>0 [ {1 S0 baepte + gostt +

> 5164 /Oz h(€)dE + %55(2,2 42,

Since hf) > o > 0, then we have

1 1
U(t, e, ye, 2t) > 5505154132 + 555(?42 +2%).
Then there exists a positive constant k2 such that

U(t7 Tty Yt, Zt) Z kQ(‘IEQ + y2 + 22)5 (210)

{ 300184 65
2

where ko := min %

Therefore we can find a continuous function Wi (|¢(0)]) with W1(]¢(0)]) > 0 and Wi (]¢(0)]) <
V(t, ¢).

Now we shall prove that there exists a continuous function Wa(]|¢||) which satisfies the inequality

V(t, ¢) < Wa(l|ol])-

Since h'(z) < c1, ¢'(y) < c2 and h(0) = g(0) = 0, then by using the mean-value theorem we find
h(z) < ciz and g(y) < cpy. Therefore we obtain

1 1 1 1
U(t,xt, yt, 2t) giLclmQ + aLei|zy| + §Ly2 + iaLCQyQ + |lyz| + 5(122
t

+A /t (0 —t +7(t)y*(0)d6 + u/ (0 —t + r(t)2*(0)do.

—r(t) t—r(t)

From (vi) and since |uv| < % (u® +v?), then we get

1 1 1 1 1 1
Uty e, ye, 2t) < §Lclcc2 + §aLc1(m2 + yz) + ELy2 + §achy2 + i(y2 + 22) + iaz2

1 1
+ A Oyl + Gur? o)z

IN

1 1
sLer+ ol + S{aLler +e2) + 1+ L+ 2"}yl
1

SO+ a+pd)l)

+
Therefore there exists a positive constant k3 such that

U(ta Tt, Yt, Zt) < kd(m2 + y2 + 22)5 (211)

2 2
where k3 := min{ Lcl(21+a), aL(Cl+02);_1+L+M ; Ha;”” }
From (2.4) we have

d . d
aV(t,mt,yt,zt) —e (t){aU(t7 T, Yty 2t) — |c/(t)|U(t, xt,yt,zt)}.
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By using the inequalities (2.9), (2.10) and the fact that |¢/(¢)| > 0, we obtain

dUu /
e OIU < —k1(y* + 2°) = ka(a® + 4 + 27),

therefore, if

93(1 — ) (aA =1)(1 = B) }
caL(14+a)+ Lci +c2)(1 = B) caL(1 + @) + La(cr +c2)(1 = B) J’

< min{
then we have

d —v
aV(t, ze,ye,z) < —ks e "D (@ 447 +2%), for some ks >0
—Ws(lz(®)]).

Therefore from (2.10), (2.11) and (2.12) the Lyapunov functional V (¢, z¢,y:, z:) satisfies all the
conditions of Theorem 2.2, so that the zero solution of (1.1) is uniformly asymptotically stable.

(2.12)

IN

Thus the proof of Theorem 2.3 is now complete.

3 Example
In this section, we give an example to illustrate the main stability result.

We consider the following third-order nonlinear non-autonomous delay differential equation

1 . 5. .. 1 . .
T+ (5 sint + )& + (1 4+ 55— ){22(t — 7(t)) +sind(t — (1))}
4 4 12 +2 (3.1)
b ) =0 |
284 43/t T IER
This equation can be stated as the following equivalent system
=Y,
=z,
1 1
b= (gsint+ g)z (U )2+ siny)
1 : (3.2)
+(1+ m) /tir(t){Q + cosy(s)}z(s)ds

11 1 1.1 1 ¢
- (4 — — (4 — ds.
watEge T 28(4+t2+3)/t,r<t)y(s) s

So we have

1 5 3 1, 1 1

=< = = - < == — = — < - = f 11 t>

0< A 47(1(15) 451nt—|—472 L, 2(1(75) SCOSt*S d2, for all ¢t >0,
1 3 -3 , —2t
0<1<b(t)=1 <= — t) = —— <0, f 11¢t>0
< () +t2+2_27 2 < () (t2+2)2_ , Ior a — Yy
1 1 1 7 -3 , —2t

0<d1==<ec(t) == < —, — t)= —= <0.
<h=gsl=3+p3S 3 W= g@yge S
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Then we can note that

1
O<Z=51<c(t)§b(t)§L=g,
1
tligloc(t) co 7 tlgrolob(t) bo=1, 01 <co<by <L

Now from (3.1) and (3.2) we obtain

aly) =2+ sing, 90) =0, 20 —24 M 51— p>0 2 0)
g (y) =2+cosy, ¢'(y) <3 =cz, forally.

1

1 oo 1
h(xz) = ==z, h(0) =0, ———6O>0,h(x)—28<14, for all z.

If we let & = 6, then we get

61(b—ac) = % > 62 = %, for all t > 0, then d5 := §1(b— ac1) — d2 = % > 0.

From the above definition of ¢(t), we have
i / 1 /
/ |c(t)|dt:§<oo,c(t)—>0 as t— oo.
0

Then all the assumptions of Theorem 2.3, (2.2) and (2.6) are satisfied, we can conclude using
Theorem 2.3 that the zero solution of (3.1) is uniformly asymptotically stable.

4 Conclusion

The problem of the asymptotic stability of delay differential equations is very important in the
theory and applications of differential equations. In the present paper, sufficient conditions were
obtained for the asymptotic stability of the zero solution for a certain third-order nonlinear non-
autonomous differential equation with the variable delay. By using a Lyapunov direct method as a
basic technique, a Lyapunov functional was defined and used to obtain our results. The obtained
results are new and extend existing results of stability in the literature on deterministic system of
delay differential equation.
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