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| Method Article |

Abstract

Maximum likelihood estimation (MLE) is a popular techniquesttistical parameter estimation. When
random variable conforms beta distribution, the researchsés on applying MLE into beta densjty
function. This method is called beta likelihood estimation, twhésults out useful estimation equatiops.

It is easy to calculate statistical estimates basedhese equations in case that parameters of |beta
distribution are positive integer numbers. Essentiallyntie¢hod takes advantages of interesting featpres
of functions gamma, digamma, and trigamma. An applicatidvetd likelihood estimation is to specify
prior probabilities in Bayesian network.

Keywords: Maximum likelihood estimation; beta distributiontabéelihood estimation; gamma function.
1 Introduction
1.1 Introduction to maximum likelihood estimation

Let ® andX be the hypothesis and observation variable, respectiSapposes, X,,..., X, are instances of
variableX in training data and they are observed independently. Aicgpraultiplication rule in probability
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theory, the likelihood functiok(®) is the joint probability which is the product of conditiomlpabilities of
instancesg;, given hypothesis variabt@ (Lynch, 2007, p. 36). Equation 1 expresses the likelihaadtion
L(®) with regard to variabl®.

L@ =P |0) =] [Pe 1@ m
i=1

WhereP (x;|@) is the conditional probability of instangegiven the hypothesi®. Suppos® = {64, 6,,...,

6} is the vector of parameters specifying arbitrary disttion of X, it is required to estimate the parameter
vector and its standard deviation so that the likelihood fandiikes maximum value. Thus, this method is
called maximum likelihood estimation (MLE). The parametettarethat maximizes likelihood function is
calledparameter vector estimatienotedd, as shown in equation 2.

0= argmax L(®) = argmax (1_[ P(x; | @)) 2
i=1

The natural logarithm df(®) is called log-likelihood denotddhL(®), as shown in equation[3, p. 38].

LnL(®) = In (1_[ P(x; | @))) = z In(P(x; | ©))
i=1 i=1

n ®3)
6= argglax LnL(®) = argglax (Z ln(P(xi | (~)))>
i=1

Whereln(.) denotes natural logarithm function.

The essence of maximizing the likelihood function ifind the peak of the curve ahL(®) [1, p. 38]. This

can be done by setting the first-order partial derivativienL(®) with respect to each parametizto 0 and
solving this equation to find out parametgr The number of equations corresponds with the number of
parameters. If all parameters are found, in other wahgsparameter vector estim&e= {9;,0,, ..., 0, } is
defined then the distribution &fis known clearly. Each; is also called parameter estimate

The accuracy of parameter estimator is measured bwitdastd error [2, p. 225] and thus; another important
issue is how to determine the standard error when we &lmgady computed all parameters and standard

error is standard deviation of parameter estimatos Wery fortunate when the second-order derivative of

2
the log-likelihood function denote:%% can be computed and it is used to determine the variances of

. .. 9%InL . . -
parameters. If there is only one parameter, the secmimi-derlvatlve(m% is scalar, otherwise it is a

matrix so-called Hessian matrix. The negative expiectatf Hessian matrix is called thieformation matrix
which in turn is inverted so as to constrect-variance matrixdenotedVar(®) [1, p. 40]. Equation 4
specifies the co-variance matrix of parameter ve®tor

-1
d%LnlL
Var(®) = | —E | —— “4)
© ( <a@a®T>)
Elements on co-variance matrix diagonal are variancethefparameters and the square root of each

d%LnL
000"

-1
variance is a standard error. Note r<|alE( )) is exactly so-called Cramer-Rao lower bound of co-
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-1
W)) as co-variance matrix whed is

. . . . d%LnL
variance matrix but we can consider apprOX|ma<e+3E( e

derived from likelihood function an@ is unbiased estimator [3, p. 11]. Please read [1, pp. 38r&B]3] for
more details about MLE.

In case that variablX conforms beta distribution, MLE is calldeta likelihood estimationNext section
focuses on how to apply MLE into beta distribution, whigkhie main purpose of this research.

2 Beta Likelihood Estimation

Before mentioning how to apply MLE into beta distributionjsitimportant to research aspects of beta
distribution. Suppose variabk¥ conforms beta distribution. Equation 5 specifies the @eteity function of
X as follows:

I'(a + b)

f(X;a,b) = B(X;ab) = beta(X; a,b) = zosras

Xa—l(l _ X)b—l (5)

WhereI'(.) denotes gamma function which is expressed as follows:

+0
I'(x) =f t*"le~tdt

0

Note thate") andexp(.) denote exponent function ase: 2.71828 is Euler's number.

Fig. 1 [4] shows beta density function with various parame&i3, p=2), (@=4,b=2), and =2, b=4).

£ 4 B4, 2)

Fig. 1. Beta density functions with various parametera and b

Beta density function is based on gamma function and tkearother so-calledigamma functions also
defined via gamma functioquation6 is definition of digamma functiop(x). We will know later that beta
density function is also relevant to digamma function.

Y00 = d (In(r()) = i((z)) 6)
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Note thatIn(.) denotes natural logarithm function. According to equaBordigamma function is the
derivative of natural logarithm of gamma function.

The integral form of digamma function is specified by équar [5, p. 114]:

, +o0
I (x) et ext
= = —— 7
¥ I'(x) j ( t 1l-—et de "
0
Suppose variableis non-zero, we have:
to e—t e—(x+1)t +oo e—t e—xt
_ - - — - —xt
z,b(x+1)—f<t 1—e‘t)dt f(t 1_e_t+e )dt
0 0
+o0 e—t e—xt +o0 1 oo
— - —xt — _ = ,—xt
_j<t 1_e_t>dt+_fe dt = Y(x) i 0
0 0
) +
_'4) X p

Briefly, the recurrence equation of digamma functiorpecfied by equation 8 [6].
1
PO+ 1) =900+ (®)

Equation 8 shows recurrence relation [6] of digamma fanctivhich implicates that it is very easy to
computey(x) if variablex is positive integer. Thus, it is necessary to calculél9 which is the evaluation
of digamma function at starting positive point 1, we have:

1 40 e—t e_t d +ooe_td +o0 e—f d
11)()—_[ t 1—et t_j t t_jl—e‘f t
0 0 0
+o© +o0
=f e~td(Int) —f d(ln(l—e‘t))
0 0

+0
e~ tint |+OO + f e~tintdt — In(1 —e™") |+OO
0 0
0
= lim (e"tint) — lim(e~tint) —y — lim In(1 —e™ %) +limn(1 —e™%)
t—+w t—-0 to+o t-0

(due to Euler-Maschemmstany = — f0+°°e‘tlntdt)

_ ; —t ERT —t ; _ -t
y+tlir11w(e Int) ltl_rB(e lnt)+£1_1}1(}ln(1 e™)

Int
=y + lim — +lim(In(1 —e™") —e~*int)
t-o+o e t—0

It eln(1-e7f)
= e i I e

(deettansformation with regard to indeterminate form [7])

oim ™ i 2
=— im — + limin
v AR et t-0 tet

Int 1—et
=-y+ lim —+In{lim
t-+o e

>0 tet
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L d(Int) in (lim 1—et
t—1>rPoo d(et) +in t-0 te’t
(using L'Hopital’s rule by iag derivatives of both numerator and denominator [7])

1 1—et
= -y + lim t—+ln lim —

t—>+oo t-0 et

B o 1—et
=—y+in hm =

—y+in <hm @ )> where g(t) = ge’

Note thaty =~ 0.577215 is Euler-Mascheroni constant, please read [8] for moraildét about Euler-
Mascheroni constant.

+o0 n
1
y = —f “*Inxdx = lim % In(n) | = 0.577215
] n-+owo ]
We have:
' -t
_ g@®) et —tint) , t® e~t(1 — tint)
l t = tl t = ty=——°©
n(g®) = et =" o5 =40 ;
It implies that:
Y1) = +1 1 et +1 1 !
= — n 1m— n T ———
4 So0tefe—t(1 — tint) Y 10 pet- 1(1 — tint)

1
=—y+in
v (lim(te_t‘l) lim(1 — tlnt)>
t—0 t—-0

We also have:

| o1y et -1\ I et—1
tll%(t )_tl—I}(}exp 1/Int =P 1/Int

(due to sEormation with regard to indeterminate form [7])

B i dle™ - 1)\ _ . —et
= exp tl—rgm I Bt

t(int)2

(using L'Hopital’s rule lgking derivatives of both numerator and denominator [7])

(Int)?
_ - 2) — . 2) _ .
= exp (}:1_{% e 't(Int) ) = exp (ltl_r)r(} t(Int) ) = exp <lt1_r)r(}

1/t
= exp (lim d(Unt)” )> = exp <lim _21nt/t>
- -0 d(1/t)

(using L'Hopital’s rule by takj derivatives of both numerator and denominator [7])
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) . 2Int
= exp (— }rl_r)r(} 2tlnt) = exp <— }:l_r)l’(} 1—/1:)

~d(2Int) 2/t
= exp (‘ lim m) = exp <‘£“ W)

(using L'Hopital’s rule by iak derivatives of both numerator and denominator [7])
= exp (ltl_r}g Zt) =exp(0) =1
We also have:
Int
ltirr&(l —tint) =1— ltirr&(tlnt) =1-lim—

t-01/t
d(int) 1/t

=l-lmaan = L ime

(using L'Hopital’s rule bgking derivatives of both numerator and denominator [7])
=1+limt=14+0=1
t—-0

Therefore, it implies that:

1 1
1)=—-y+In — = — +ln(—)=_
v 4 <lim(te t‘l) ltin(}(l - tlnt)) Y 11 14

t-0

Briefly, the valuey(1) is always equal toy6]. Given x is positive integer, equation 7 is replaced by
equation 9 for calculating digamma function in case of posititegyer number.

Y@@ =-y
x-1 1

Y =-r+) o ©
k=1

(x positive integer and x = 2)

Proof,

1 1 1
V= 2,9 (x) = Pplx — 1)+m=¢(’¢—2)+m+x_1
(by applying equation 8)
1 1

1'b(x_3)_x+3_x+2_x+1

1
=m=lp(x_(x_1))+x—(x—1)+x—(x—2)-I-W-I-x—1
~ 1 1 1
—w(x—(x—l))+1+5+---+r

x-1
x—1 1 x-1 1
RO N SR EDY:
k=1 k=1
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Let w1(X) be the first-order of digamma function, we have:

Al (- @) fd(———)

dt
dx dx

() =9'(x) =

0
- is continuous and differentiable in open interval (@) +with regard to
variablex)

—H

(because functlon— -

+o0 e~xt +o0
- (=), f e
dx 1 -t

0 0

We also have:

+o0 —(x+y)t oo —(x+y)t oo
(G +y)= dp(x+y) dp(x+y) j d(— 81_e—t )dt ~ j d(— ot )dt B J to—Gr+yt i
PYix+y) = dx - dy - dx - dy = PR
0 0

Functiony4(x) is also calledrigammafunction; please refer to documents [9], [10] and [11pfore details
about trigamma function. Briefly, equation 10 expressesnmiga function [10].

) = [ e

0 e (20)
te—(x+y)t

Pi(x +y) =f — = dt

1—et

0

Suppose variableis non-zero, we have:

+o0 +0
te—(x+1)t te—Xt .
— — -x
Ipl(x+1)—-fmdt—j<1_e_t—t€ )dt
0 0

+o0 +oo +o0

te™*t 1
= f —dt — f te™*tdt = ¢, (x) + ;f td(e~*t)dt

1—e
0 0 0
1 1 +o0
_xt |0 _
= +=te™* - —f *dt
Py (x) Sty 5 e
0
_ = —xt - —xt
=9, (x) + p te™ |, + 2 o
=y, (x) + 1 hm (te"‘t) - —hm(te xt) + l lim et — lhme -t
1 Xt t—>+oo xZ t—0
1 t 1 1 1 t
—1P1(x)+— lim (te™ )———wl(x)——+;th+wext
d(t) 1 1

= wl(x) - _2 X tl—l>+ d(ext) Iljl(x) x tl—>+00 xext
(using L'Hopital’s rubey taking derlvatlves of both numerator and denomir{&ipr

1
=P (x) _ﬁ

Briefly, the recurrence equation of trigamma function i<g@e by equation 11 [12].
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Pale D) = 9100 — (1)

Equation 11 shows recurrence relation [12] of trigamma fanctivhich implicates that it is very easy to

computey;(x) if variablex is positive integer. Thus, it is necessary to calewafl) which is the evaluation
of trigamma function at starting positive point 1, we have:

I'(x)
@) =P = MG@)

IO -reore® re (roy
- F(x)F(x) TTh) (F(x))
F (x)

r'(1)

= () = r(1)(11)())—

ra
RO

We have:

+o0

1"(1)=fe‘tdt=—e‘t0 llm(et)+1—0+1—1

t—+0
0

, a([Foetetar) 7
I'(x) =—(f° P )= ] t*le~tinedt
0
o d(re) AT etetinedr)
=TI Kx)= ( ) = U ) = j t* e t(Int)*dt
dx dx

0
+o0

. w2
=TI 1)= J e t(Int)?dt = y% + <
0

00 2 .
Wherey ~ 0.577215 is Euler-Mascheroni constant [8]. The evaluay’§n e t(Int)?dt = y2 + "? is found
out in [8].

It implies that
2
r'(1) y2+= 2

— — — 6 — —_———
wl(l)——r(l) y:= 1 y:= G

2
Briefly, the valuey,(1) is always equal t%G- [12]. Givenx is positive integer, equation 10 is replaced by
equation 12 for calculating trigamma function in caseasifpre integer number, as follows:

P (1) =

|=LO\|=L

Pi(x) =

Z a (12)
k

(x positive mteger and x > 2)
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Proof,

_ 2 1 1
Gopz - G- )_((x—Z)Z +(x—1)2)

(by applying equation 11)
1

Vx = 2,9, (x0) = (x = 1) -

3 1 1
ax = )_<(x—3)2 MR Thlree 1)2)

=Y (x—(x-1) - ! + ! R
' (x - (x—l))2 (x—(x—Z))2 (x — 1)?

x-1
==9,(x — (x - 1)) 1+1+ + !
B C 1z "2 (x — 1)

x—=1 2 x=1 X1
1 = 1
—h - E= M
k=1 k=1

In general, | discover two equations 9 and 12 in order to céécdigamma function and trigamma function
with regard to positive variable.

The beta function [13] denotd&ix, y) is a special function defined as below:

_TGOr@)

“Te+y) (13)

B(x,y)

Please distinguish beta density functif(X; a, b) specified in equation 5 known as probability density
function (PDF) from beta functioB(x, y) specified by equation 13.

The first-order partial derivative &{x, y) is determined as follows:

BEY) _ (r’(x)r(x +y) — @) (x + y)) _ @I eIl +y) = +)

ox (F(x + y))z TT(x+y) re)rix+y)
_ 5 T (x+y) =TT (x +y) 3 I'x) T'(x+y)
=Bty NORCET) "('%ﬁﬁmrw+w>
Due to digamma functiogh(x) = % we have:
0B (x,
D) b () 9+ ) (14)

The digamma function is always determined by equationsd7 9anSubstituting beta functioB(x, y)
specified equation 13 into equation 5, the beta density imigire-written:

fX;a,b) = B(X;a,b) = Xt -x0ht (15)

B(a,b)
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Now we specify the likelihood function of beta distributioy applying equation 15 as below:

L(a, b)—nﬁ(xl,ab) 1_[3( RO Bné b)<ﬂ a- 1)<H(1—x)b 1)

Taking the logarithm off(a, b), we have the log-likelihood function for beta distribotis follows:

1 n n
LnL(a,b) = nin (m> + ;((a - Dinx)) + ;((b - Din(1 - x;)) .

= —nln(B(a, b)) + (a— 1)2 In(x;)+ (b -1) Z In(1—x;)

Fig. 2 [15] shows the graph of log-likelihood function spedifby equation 16 with regard to variabkes
andb givenx;=0.1 andx,=0.2.

Fig. 2. Log-likelihood function with regard to variablesa and b

Fig. 3 [15] shows the contour of log-likelihood function speditby equation 16 with regard to variabées
andb givenx;=0.1 andx,=0.2.

Please pay attention to equation 16 because equation 16ifcgmse of equation 3 mentioned in previous
section 2; thus, MLE is applied into beta distribution.

Note thatLnL(a, b) = —o if any instances; is equal to 1 or 0. In practice, we should assign a vege la
number td_nL(a, b) in this case, instead of keeping the infinity.

Two parameters andb must be determined so that they maximize the log-likeliffaadtion. Thus, by
taking two first-order partial derivatives of log-likebod function specified in equation 16 corresponding to
two parameters and by applying equation 14, we have:

dLnL(a,b) _ 1 0B(a,b)
da = B(a,b) 0da

+ Z In(x;) = —n(l,[)(a) —Y(a+ b)) + Z In(x;) a7

i=1

10
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n
dLnL(a,b) 1 0B(a,b)
b "B@b b Z in(1=x)
= n (18)
=-n(y®) —Yla+b))+ Z In(1 - x;)
i=1
Wherey (x) = % is digamma function specified by equations 7 and 9. Mmtartotationg—i denotes first-

order partial derivative of multi-variable functidnwith regard to variablg.

Fig. 3. Contour of log-likelihood function with regard to vaiables aand b

Please pay attention to equations 17 and 18 for determininditsteorder partial derivatives of log-
likelihood function of beta distribution. Setting such twatjad derivatives equal 0 so as to find out two
parameters andb, we have a set of equations whose two solutions aneathes ofa andb [14, p. 288]:

aLnla,Ela, b) _o (1p(a) —yYla+b) = %; In(x;)
dlnL(a,b) _ 1%
— = 0 l(lp(b) —y(a+b) =E;ln(1—xi)

- (19)

Equation 19 shows the set of differential equations $stmating parametes andb. Author [14] proposes
an algorithm to find out the approximate solutions. Such algornithihibe mentioned in next section.

According to equation 9, givemandb are positive integers, the digamma functigr) is:

x-1
1
Px) =-y+ kZlE

11



Nguyen; BJMCS, 16(3): 1-21, 2016; Article no.BIJVEBS31

We have:

1 n n
(4@ v+ = ;Z () n(p@ —p(a+b) = Zl In(x)

=

'Up(b) Y(a+b) = Z In(1 - x,)

( y+zk+y—a§1%>=iln(xi)

/——_/\_—\\

n(p(b) — p(a + b)) = Z In(1 - x;)

i=1

k=1 =1
= a+b—11 Ln
ln(—y+zg+y— Z E) = ' In(1—x;)
k=1 k=1 i=1
a+b— 1 ( a+b—11 n
—n Z Z In(x;) exp| — Z %= nxi
k=a

_nail ZIn(l—xl) kexp(— ail > n(l—x)

(By taking exponent function of both S|des of these equations)

Briefly, the parameter estimataiisandb are solutions of two following equations specified byatipm 20
in case thad andb are positive integer numbers.

a+b—11 n
{[ exp(_ Z E> ) nxi Gi(a,b) = L,
lexp (—

a+b 1 At {Gz(a, b) =1,
0<x<1
a+b-1

> 1)-T]u-
1 atbo1
G:(a, bj =exp (—n ,Z# E) and G,(a,b) = exp (—n kzzb E)
_ Bxi and L, = 1;[(1 —x)

Next section will illustrates how to solve equation 20. Nbi& necessary to research the co-variance matrix
Var(a, b) of parameters of beta density function mentioned in ptesviection. LeH(a, b) be the second-
order partial derivative matrix called Hessian matwg, have:

(20)

Where,

0°LnL 0°LnlL

da? dadb
H(a,b) =
@b) =\ 52101 02LnL
obda  0b?

Note, the bracket (.) denotes matrix.

12
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Basing on equations 17 and 18, we can determine four secoedartial derivatives of log-likelihood
function as follows:

0%LnL _ oY(a + b) . oP(a)

=y,(a+b) —nyp;(a)

da? da da
0%LnL  dy(a + b)
aaab = ap W@ th)
0%LnL  dy(a + b)
= =1,(a+b)

dbda ~ da

0%LnL _dyY(a+b) oyY(b)
ab> b "

=1,(a +b) — nyp,(b)

Wherey(.) denotes trigamma function specified by equations 10 anéddcording to equation 4, the co-
variance matrix/ar(a, b) is the inversion of negative expectation of Hessianird®ease read the book
“Linear Algebra” by author [16, p. 134] and the book “Linédgebra and Its Applications” by author [17,
pp. 102-109] for more details of how to take inversion afvargmatrix. We have:

Var(a,b) = (—E(H(a, b)))_1

_ (_E (@ + D) =nh(@ alatd) ))‘1
Y,(a+b) Yy (a + b) —ny, (b)
_ (_ <w1(a +b) =y (@) Py(a+Db) ))
Y.(a+b) Y, (a + b) — ny,(b)

(Because trigamma functiong(a), wi(b), and w,(a+b) are only dependent on parametarsndb, the
expectation oH(a, b) is merelyH(a, b))

_ (mlh (@ —¥i(a+b) —pi(a+b) )_1
- (a+b) n; (b) — ¢, (a + b)
— 1 " (mpl(b) —Yi(a+b) Y (atbh) )
n2; (@) (b) — mp; (a + b) (1 (@) + 1 (b)) \1(a+b) nyYy(a) —P,(a+b)

Briefly, equation 21 specifies the co-variance matfiparameters of beta density function as follows:

(21)

Var(a,b) = A (nllh(b) —y,(a+b) YP(a+b) )

Y1(a+b) n(a) —P,(a + b)
Wherey(.) denotes trigamma function and,

1
A=
n?Y; (@), (b) — np;(a + b)(l.[h () + 1l)1(b))

Equation 21 is concrete case of equation 4 when protyadhiditribution is beta distribution. If parameters
andb are positive integers, the trigamma functing.) is calculated simply according to equation 12; this is
the ultimate purpose of this section.

13
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The roots of diagonal elements are the standard deviattansigsd errors) of parameter estimates.ol(éf)

anda(IS) be the standard errors of optimal paramefieandb whered andb are solutions of equations
specified by equation 20, we have:

0@ = [a(mpn(8) (@ +5))
o(b) = JA (m1@ — 1 (a +1)) (22)

Wherey,(.) denotes the trigamma function and,

1
A=
n2y; (@), (b) —np,(a + b)(lpl (@) + (b))

Equation 22 specifying standard errors of parameter estineids up this section mentioning applying
MLE technique into beta distribution. Now the next secticanigxample of beta likelihood estimation.

3 An Application of Beta Likelihood Estimation to Specify Prior
Probabilities in Bayesian Network

Recall that the parameter estimatérandb are solutions of two equations, according to equation 20 as
follows:

Where,

a+b-1

1 a+b—11
G,(a,b) = exp (—n z E) and G,(a, b) = exp (—n z E)
k=b

n

k=a
n

L, = nxi and L, = 1_[(1 — x;)
i=1

i=1

Author [14] proposes the iterative algorithm that each alires &, b) which are values of variablesand
b are fed toG;, G, at each iteration. Two biaséds=G;(a;, b)-L; andA,=G,(a;, b)-L, are computed. The
normal bias is the root of sum of the second powgland the second power of, and so we have

A= /Af + AZ. The pair @, b) whose normal biaa is minimum are chosen as the parameter estimators. The
algorithm is described in Table 1 as below [14, p. 291]:

14
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Table 1. Iterative algorithm to estimate parametersaa and b

MinA = +oo
d@=b=1 (uniform distribution )
Fora=1tondo
Forb=1tondo
A=Gy(a, b)-Ly
A=Ga(a, b)-L,
A= /Ai + A2
If A < minA then
mMinA=A
a=a
b=b
End If
End Fora
End Forb

(@ andb are optimal parameters)

Wheremin A denotes minimum bias.

The main application of beta likelihood estimation isspcify prior probabilities of Bayesian network.
Bayesian network (BN) is a directed acyclic graph caumsti of a set of nodes representing random
variables and a set of arcs representing relationghipeng nodes. In general, BN consists of qualitative
model quantitative model. The qualitative model is itacttire and the quantitative model is its parameters,
namely conditional probability tables (CPT) whose esteee probabilities quantifying relationships among
variables. For example, there is a BN having two binayjablesX;, X, and one arc which links them
together in whichX; is conditional dependent of. Each variableX; owns a CPT. Fig. 4 is an example of
BN with two nodesK; andX, whose CPT (s) are not specified yet.

X | PX=1)
P(X,=1) P(X,=0) T,
? ? 0 ?

Fig. 4. Bayesian network in which CPT (s) are not spe#fd yet

CPT (s) are parameters of BN. The quality of CPT dependthe initialized values of its entries. Such
initial values are prior probabilities. If prior probabilitiase already specified, the expectation maximization
(EM) algorithm can be used to improve them even in caseissing data [18, pp. 359-363]. However, this
research focuses on applying beta likelihood estimatioreafentioned in previous section into specifying
the prior probabilities. Your attention please, both EModthm and beta likelihood estimation are
parameter learning methods. Beta distribution is often userkpresent CPT. Lefi(ag,bi), Sa(az,b2),
s(as,b3) be beta distributions of conditional probabilitieéx;=1), P(X;=1|X;=1) andP(X,=1|X;=0). These
probabilities are expectations of beta distribution [18, p. 302].

PX,=1)=E b)) = —

%, =1) = E(Bi(ay, 1))_a1+b1 .
PX,=1|X,=1) = E(ﬁz(apbz)) = a ":bz
P(X, = 1| X, = 0) = E(B;(a3,bs)) = ﬁ

15
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It is necessary to determine three parameter mairbj, (a2, b)) and(as, bs) of three beta distribution, 5,
and fs, respectively in order to specify prior probabiliti®éX;=1), P(X,=1|X;=1) and P(X;=1|X;=0).
Suppose we perform 5 trials of a random process, themetofi™ trial denotedd" is considered as an
evidence in whictX, andX, obtain value 0 or 1. So we have the vector of 5 evidehcegD™, D, D@,
D® D® D®). Table 2 shows these evidences.

Table 2. The evidences corresponding to 5 trials

DW X, =1 X, =1
D®@ X =1 X, =1
D® X, =1 X =1
DW X =1 X =0
D® X;=0 X,=C

According to the algorithm described in Table 1,UgtG;, A, A; be the values dfj, G;, A;, A with respect
to S wherei = 1,3 andj = 1,2. We have:

o Lys=[Tie, x; andLy=[T-, (1 — x;) wherex;is the instance of;.
o Ly=[1iL, x; andLo=[]7-, (1 — x;) wherex;is the instance of, givenX;=1.
o Ls=[IiL, x; andLg=[17, (1 — x;) wherex;is the instance oX, givenX;=0.

* Gu(a, )—exp( n2a1+b1 ' 1) andG;(ay, )=exp( nZZlifl ' 1)
G, b)=exp (_" ZZZZI:Z ! 1) andG;x(ay, by)= exp( nZ,‘:Z;’:Z 1 1)
s Gsi(as, bg)=exp (—n 223223 ' 1) andG;y(as, bs)= exp( 253223 ' 1)

o A;=Gi—Lig, A1=Gip— L andA= (A7 + A%z
o Ayn=Gy —Loy, Ap=Gor — Ly andAy= [A31 + A3,

o A31=Gsy—Lay, As=Gso — Ly andAs= |A3; + A3,

WT

Let D, D,, andDs be the set o (s) that are instances Xf, X, givenX;=1, andX, givenX;=0, respectively.
From evidences expressed in Table 2, we have:

D1 = {xl = 1,x2 = 1,x3 = 1,x4 = l,xs = 0}
D,={x; =1,x,=1,x;=1,x, =0}
D; = {x; = 0}

Each instance will be modified so that producid;., x; and[[-,(1 — x;) avoid getting zero frequently.
- If x, equals 1, it is subtracted by a very small numbéor example, giver=0.1,x = x-0.1 = 1—
0.1=0.9.
- If x, equals 0, it is added by a very small numfdor exampleg=0.1,x =x+0.1 = 0+0.1 = 0.1.

Thus, we have:

D1 = {xl = 0.9, Xy = 0.9, X3 = 0.9, X4 = 0.9, X5 = 0.1}
Dz = {xl = 0.9, Xy = 0.9, X3 = 0.9, X4 = 0.1}
D3 = {xl = 0.1}

Suppose the range of all parameters is from 1 to 4. By iapglye algorithm described in Table 1, it is easy
to compute the normal biases. For example, giyenl1 andb;, = 1, we have:

16
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Li(a,=1,b, =1) = 1_[ x;=0.9%0.9%0.9%09*0.1~ 0.0656
X{€D1
Li(a,=1,b, =1) = 1_[ (1—x)=(1—09)x(1—09)«(1—09)+(1—09)

X{€D1

* (1 —-0.1) = 0.0001

1+1-1

1 1
Gi1(a; =1,b; =1) =exp (—5 Z E) = exp (—5 *T> ~ 0.0067

1 1
Giz(a; =1,by =1) = exp (—5 Z E) = exp (—5 *T) ~ 0.0067
k=1
Ay = Gyy — Ly, = 0.0067 — 0.0656 ~ —0.0589
Ay,= Gi, — Ly, = 0.0067 — 0.0001 =~ 0.0066

A= /Afl + A%, = /(—0.0589)2 + (0.0066)2 ~ 0.0592

Table 3 shows normal biases of all possible valuea;pby).
The normal biases of all possible valuesagf ;) with respect tg, are shown in Table 4.

The normal biases of all possible valuesagf Ks) with respect t@; are shown in Table 5.

Table 3. The normal biases ofdj, b;) with respect top;

=l b, L Ly Gy Gy, Ay Ay Ay

1 1 0.065¢ 0.000: 0.006% 0.006" -0.058¢ 0.006¢ 0.059:

1 2 0.0656 0.0001 0.0006 0.0821 —0.0651 0.0820 0.1047
1 3 0.065¢ 0.000: 0.000! 0.188¢ -0.065¢ 0.188¢ 0.199¢

1 4 0.0656 0.0001 0.0000 0.2865 —0.0656 0.2864 0.2938
2 1 0.0656 0.0001 0.0821 0.0006 0.0165 0.0005 0.0165
2 2 0.065¢ 0.000: 0.015¢ 0.015¢ —-0.050: 0.015¢ 0.052¢

2 3 0.0656 0.0001 0.0044 0.0541 -0.0612 0.0540 0.0816
2 4 0.065¢ 0.000: 0.CO1¢€ 0.105¢ -0.064( 0.105: 0.123:

3 1 0.0656 0.0001 0.1889 0.0001 0.1233 0.0000 0.1233
3 2 0.0656 0.0001 0.0541 0.0044 -0.0115 0.0044 0.0123
3 3 0.065¢ 0.000: 0.019¢ 0.019¢ -0.045" 0.019¢ 0.049¢

3 4 0.0656 0.0001 0.0087 0.0458 —0.0570 0.0457 0.0730
4 1 0.065¢ 0.000: 0.286¢ 0.000( 0.220¢ -0.000! 0.220¢

4 2 0.0656 0.0001 0.1054 0.0016 0.0398 0.0015 0.0398
4 3 0.0656 0.0001 0.0458 0.0087 —0.0198 0.0086 0.0216
4 4 0.0656 0.0001 0.0224 0.0224 —0.0432 0.0223 0.0486

From Tables 3, 4, and 5, we recognize that wiae,)=(3,2), (a,,b,)=(4,3), and(as,bs)=(1,4), the normal
biases of distributiongy, 5., andgs, respectively become minimum. So the parameter estia(aﬁgrEl),
(@, b,), and(as, b;) corresponding to distributionfs, /,, andgs are (3,2), (4,3), and (1,4), respectively. So
the prior conditional probabilitieB(X;=1), P(X,=1|X;=1) andP(X,=1|X,=0) are determined:

PUti=D=—2_ =3 _ o6
YU T a+b, 342
a 4
PXp=1]X; =1) = —"=——~ 057
azj—bz 4+3
as; 1
PX,=1|X,=0)=——=——=02

a;+b; 1+4
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When these prior probabilities were calculated, the BN &lyodetermined with full of prior CPT (s) as in

Fig. 5.
P(X;=1) P(X;=0) 1 0.57
0.6 0.4 0 0.20
Fig. 5. Bayesian network with full of prior CPT (s)

Table 4. The normal biases ofd;, b,) with respect tog,
a b, Lo Lo Gy Gy Az Az; A;
1 1 0.0729 0.0009 0.0183 0.0183 —0.0546 0.0174 0.0573
1 2 0.0729 0.0009 0.0025 0.1353 —0.0704 0.1344 0.1518
1 3 0.0729 0.0009 0.0007 0.2636 -0.0722 0.2627 0.2725
1 4 0.072¢ 0.000¢ 0.000: 0.367¢ -0.0727 0.367( 0.374:
2 1 0.0729 0.0009 0.1353 0.0025 0.0624 0.0016 0.0625
2 2 0.0729 0.0009 0.0357 0.0357 —-0.0372 0.0348 0.0509
2 3 0.0729 0.0009 0.0131 0.0970 —0.0598 0.0961 0.1132
2 4 0.0729 0.0009 0.0059 0.1653 —-0.0670 0.1644 0.1775
3 1 0.072¢ 0.000¢ 0.263¢ 0.000:" 0.190° -0.000: 0.190"
3 2 0.0729 0.0009 0.0970 0.0131 0.0241 0.0122 0.0270
3 3 0.0729 0.0009 0.0436 0.0436 —0.0293 0.0427 0.0518
3 4 0.0729 0.0009 0.0224 0.0849 —0.0505 0.0840 0.0980
4 1 0.0729 0.0009 0.3679 0.0002 0.2950 —0.0007 0.2950
4 2 0.072¢ 0.000¢ 0.165:¢ 0.005¢ 0.092- 0.005( 0.092¢
4 3 0.0729 0.0009 0.0849 0.0224 0.0120 0.0215 0.0246
4 4 0.072¢ 0.000¢ 0.047¢ 0.047¢ —0.025( 0.047( 0.053:

Table 5. The normal biases ofds, bs) with respect tof;
az bs L3 L3y Gs; Ga; Az Asz; As
1 1 0.1 0.9 0.3679 0.3679 0.2679 -0.5321 0.5957
1 2 0.1 0.9 0.2231 0.6065 0.1231 —-0.2935 0.3183
1 3 0.1 0.6 0.159¢ 0.716¢ 0.059¢ -0.183¢ 0.193(
1 4 0.1 0.9 0.1245 0.7788 0.0245 -0.1212 0.1237
2 1 0.1 0.9 0.6065 0.2231 0.5065 —-0.6769 0.8454
2 2 0.1 0.9 0.4346 0.4346 0.3346 —-0.4654 0.5732
2 3 0.1 0.9 0.3385 0.5580 0.2385 —-0.3420 0.4169
2 4 0.1 0.¢ 0.277: 0.637¢ 0.177! -0.262¢ 0.316¢
3 1 0.1 0.9 0.7165 0.1599 0.6165 —-0.7401 0.9633
3 2 0.1 0.6 0.558( 0.338t 0.458( -0.561¢ 0.724¢
3 3 0.1 0.9 0.4569 0.4569 0.3569 -0.4431 0.5690
3 4 0.1 0.9 0.3867 0.5397 0.2867 —-0.3603 0.4604
4 1 0.1 0.6 0.778t¢ 0.124¢ 0.678¢ -0.775¢ 1.030¢
4 2 0.1 0.9 0.6376 0.2771 0.5376 —-0.6229 0.8228
4 3 0.1 0.¢ 0.539° 0.386" 0.439% -0.513: 0.675¢
4 4 0.1 0.9 0.4679 0.4679 0.3679 -0.4321 0.5675

18



Nguyen; BJMCS, 16(3): 1-21, 2016; Article no.BIJVEBS31

Leto(a,), o(b,), 0(a,), o(b,), a(ds), anda(b;) be standard errors ofi;, by, d, b,, @;, andb;. By
applying equation 22, it is easy to determine these stdmaeors as follows:

A = . - - —_=0.191684
524, (@)1 (b,) — 59, (a, + b,) (¢1 @)+, (bl))
o(a,) = JAl (5¢1(51) — (@, + 131)) = 0.758744
a(b,) = JAl (591(@) — 1 (@ + b)) = 0579731
1
A= 42, (@,)91(b,) — 491 (a8, + b,) (1(@,) + v1(5,)) = 0726437
o(a;) = JAz (4¢1(l32) — (@, + Bz)) =1.01786
a(b,) = JAz (41(az) — w1 (a, + b,)) = 0.844498
: = 25.0051

A, =
3 124, (83)1(bs) — 194 (@s + bs) (¢1(d3) + l[Jl(BS))

o(ds) = JAS (11,[11(53) - ll)l(ﬁg + 53)) = 1.25013

a(bs) = JAg (191(8) — 1 (@ + b)) = 5.96637

The errorsr(a,) ando(Bl) are minimum because the number of instances @ 5 — the largest, which
implies thatd, andb, are best estimates.

In general, the iterative algorithm for solving simple emuet specified by equation 20 is the result of
applying MLE method into beta density function.

4 Conclusion

This research shares the same methodology with the prevésearch [14] where positive integer
parameters of beta distribution are estimated basedtemnesting features of gamma function. The ultimate
purpose is to simplify solving differential equations nder to estimate such integer parameters by easiest
way. The resulted equations are not absolutely sintipéen ones from [14] but this research digs deeply into
mathematical functions relevant to gamma function suchigemma and trigamma. Consequently, this
research is more general and all equations are prostait.
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