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Abstract

In this paper we introduce a new subclass of multivalent analytic functions defined by fractional
calculus operator. Such results as subordination and superordination properties, convolution
properties, inequality properties and other interesting properties of this subclass are proved.
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1 Introduction

Let H(U) be the class of functions analyticin U ={z :z € C and |Z | <1}and H[a,k ] be

the subclass of H(U) consisting of functions of the form f (z ) =a+a,z* +a,,,z " +...,
with H,=H[0,1] and H = H[1,1].

Let A » (k) denote the class of functions of the form
f@)=z"+>a,,z"" (pkeN={,23,.};zeU), (1.1)
n=k

which are analytic in the open unit disk U , and let 4 ,(1) =4, and 4,(1) = 4.

A function f (Z ) €4, (k) of the form (1.1) is said to be in the class S;,k (p) of multivalent

(p-valent) starlike of order p (0 <p< p) , if it satisfies the following inequality:
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> p (0<p<p,zeU). (1.2)

Let f and F be members of H(U), the function f (Z) is said to be subordinate to F (Z), or
F (Z) is said to be superordinate to [ (Z), if there exists a function W(Z) analytic in U with
w(O): 0 and |W(ZX <1 (Z € U), such that f(Z)= F(W(Z)). In such a case we write
f (Z) <F (Z) . In particular, if F is univalent, then f (Z) <F (Z) if and only if f (O) =F (O)
and f(U)c F(U) 11,21

For two functions f (z ) given by (1.1) and

gz)=z"+>b,,,z"", (1.3)

n=k

The hadmard product (or convolution) of f* and g is defined by

(f *g)(z):szriaHprpz P =(g*f)z). (1.4)

We recall the definitions of the fractional derivative and integral operators introduced and studied
by Saigo (cf.[16] and [21], see also [18,19,20 and 22]).

Definition 1.1 Let & >0 and /[, ¥ € R, then the generalized fractional integral operator / Oof ;ﬂ K

of order & of a function f’ (Z )is defined by function f (Z )

—a-p z

188 (Z):Zr(a)g(z -t)""F, ((Hﬂ,—y;a;l—:—)/ (¢)dt, (1)

where the function f (Z ) is analytic in a simply -connected region of the z — plane containing

the origin and where the multiplicity of (Z —t )OH is removed by requiring log (Z —t ) to be real

when (Z —t ) > 0 provided further that

f(z)=0(|z|8),z —0for & >max (0, 8- y)-1. (1.6)

Definition 1.2 Let 0 < <land £,y €R ,then the generalized fractional derivative operator
Jo:77 of order @ of a function f (z ) is defined by
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. 1 d wi | —a t
J&P (z)zmd—z{z ﬂ!(z—f) 2Fl(ﬂ—a,1—;/;l—a;1—;)/(t)df},(”)
d"

dz

Jilf(z)  (n<a<n+lLneN).

where the function f (Z ) be analytic in a simply -connected region of the z — plane containing

the origin with the order as given in (1.6) and the multiplicity of (Z —t )a is removed by

requiring log( )to be real when (Z —t ) >0.

Note that
15727 (z)=D°f (z), (a>0) (1.8)
Jo@f (z)=D2f (z), (0<a<l) (1.9)

where D “f (Z ) and D’f (Z )are respectively the known Riemann- Liouvill fractional
integral and derivative operator (cf. [13] and [14], see also [25]).

Definition 1.3 For real number & ( —0 <A< 1) and S (—oo <p< 1) and a positive real number

7 . the fractional operator U ;"7 :4 , A, is defined in terms of J S and 1577 by
[12,5]

© 1+ 1+ +y -
U(aﬁy Z p Py ﬂ)” a,., e (1.10)
- 1+p ,6’) (1+p+}/—a)n
which for f (Z) # () may be written as
L(1+p-B)r(1+p+y-a) ﬁjaﬂ (=) 0<asl

U()Of;ﬁ’7f (Z ): F(1+p)F(1+p+y—ﬂ)

C(Lep=P)(4p+r=0) 5/ apr (L), o (L.11)
r(1+P)r(l+p+y—ﬁ) 27, ; F(z); <a<0

Where J (;f ;ﬂ Tf (Z )and 1 (; j’ﬂ K (Z )are, respectively the fractional derivative of f~ of order

a if 0<a <1 and the fractional integral of f of order — if —c0<ax <0.

It is easily verified (see Choi [4] ) from (1.10) that
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(p—B)USS (2)+ UGS (2)=2 (U;’jf*f (z ))' (1.12)

Note that
Upf (2)=Qf (z)  (-eo<a <1), (1.13)

The fractional differintegral operator Qia’p )f (Z ) and (—OO< a<p+ 1) is studied Patel and

Mishra [15], and the fractional differential operator Q(a’p ) with 0< & <1 was investigated by

Srivastava and Aouf [26]. We, further observe that Q(a D=

studied by Owa and Srivastava [14].

Qf is the operator introduced and

It is interesting to observe that

Uptf (z)=f (2) (1.14)
ULr () = 5 () 119
p

By making use of the differintegral operator Qia’p ) and the above mentioned principle of
subordination between analytic functions, we introduce and investigate the following subclass of
the classo A4, (k) f p -valent analytic functions.

Definition 1.4 A function f (Z ) €4, (k) is said to be in the class S;”,f (Ot;A ,B ) if it

satisfies the following subordination condition:

I L0 G e ) L0 TR

z Uéf’z”ﬂ’yf (z) z? 1+Bz

(—o<a<p;—-1<B<ALl;A#B;Aell;p,ke ;Ae andRe(u)>0).

It may be noted that for suitable choice of f,4,B,p,Aand @ the class Sj”,f (Ot;A,B)

extends several classes of analytic and p -valent functions studied by several authors such as
Aouf and Seoudy [3], Shenan [24], Yang [27], Zhou and Owa [28] and Liu [6].

To prove our results, we need the following definitions and lemmas.
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Definition 1.5 ([10]). Denote by Q the set of all functions f (z ) that are analytic and injective
on U /E(f ) where

E(f)=1c €0U :limf (z) =0},
and are such that /() #0 for { €U /E(f).

Lemma 1.1 ([11]). Let the function h(z ) be analytic and convex (univalent) in U with
h(0) =1. Suppose also that the function g (z ) given by

giz)=1+c,z" +c, 2" +... (1.17)

is analyticin U . If

2()+2 D) iy (R(7)> 0,7 #0;z €U ), (1.18)
4

Then

g(z)-<q(z)=%z ’fjh(t)zfdt < h(t),

and g (z )is the best dominant of (1.18).

Lemma 1.2 ([23]). Let q(Z) be a convex univalent function in U and let o €ll,
nel = \{0}with

9%{1+%§Z))}>max{0,—iﬂ(%j}.

If the function g (z )is analytic in U and
og(z)+n28'(z)<0q'(z)+n2q'(z) ,
then g(z)<¢q(z) and g (z )is the best dominant.

Lemma 1.3 ([11]). Let ¢ (z )be convex univalent function in U and let k €L/ . Further assume
Re(k)>0.1f g(z)e H[q(0),11NQ ,and g(z)+kzg'(z ) is univalentin U , then
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q(z)+kzq'(z)<g(z)+kzg'(z) ,

implies g(z)~<¢(z) and g (z )is the best subordinate.

Lemma 1.4 ([25]). Let the function F' be analytic and convex in U . If f,g €A and

f,g<F then Af +(1-D)g <F (0<A<]).

Lemma 1.5 ([17]). Let f (Z)=1+Zakzk , be analytic in U and g(z)=l+Zka * be

k=1 k=1
analytic and convex in U . If f (z )< g(z), then

la|<lp,| (K eu).

Lemma 1.6 ([8]). Let 0¢5€u,%>0, 0<p<l,g(z)eH[l,k] and

vM
<+L L= ,
g(z)=+Lz ( k5+vj

where
ko
(1—p)|§|(1+j
1%

=.
1=6+ po|+ 1+(1+k5)
v

M :Mk (5:‘/,,0):

If h(z)e H|[],k] satisfies the following subordination condition;
g(z)[1—5+5(1—p)h(2)+p]< 1+ Mz,

then

R(h(z)>0 (z €U).
2 Main Result

Theorem 2.1 Let f (z) €S 4 (a;4,B ) with R(A) > 0. Then
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U@rne ()Y _ 1 (P=Pu_
oe’ f (2) )= ﬂ),uJ-1+Azuu e Ledz o
’ o 1+ Bzu 1+Bz~

and ¢ (z ) is the best dominant.

Proof. Define the function g (z )by

U (@A)
g(z):(z—f()J (z €eU). (2.2)

Then g(z) is of the form (1.17) and analytic in U . Differentiating (2.1) with respect to z and
using (1. 12), we get

U(aﬂy)f( ) “ Uéin,ﬂﬂ,m)f (Z) (aﬂyf( ) Azg' (Z) 1+ A4z 23
- ﬂ)(zp] ”[ RIS R TR I
Applying Lemma 1.1 to (2.3) with y = % , we get

U (@h “ _ z (p=Pu_
[—O’ZZZ(Z)J <q(2)=(p ﬂ)ﬂjHAtt Wy

o 1+ Bt
(P-Bu_
(p ,B)yJ-I+Azu i ldu - 1+A4z , 2.4)
1+ Bzu 1+ Bz

and ¢ (z ) is the best dominant.

Theorem 2.2 Let ¢ (z ) be univalent function in U and let A €/ . Suppose also that ¢(z)
satisfies the following inequality:

9{{1+M} > maX{O,—iﬁ[wj} (2.5)

q'(z) A

Iff ed » satisfies the following subordination:
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z Uéi"ﬁ'”f(z) z?

(a.B.7) “ (@+1,B+1,7+1) (@.B.7) “ /
(l_l){uo,z pf(z)J M(Uo,z f(z)J[UO,Z f(z)j <q(z)+(jqu (z)) 26
Y7

Then
U (i,ﬁ,y) )Y
y4

and ¢ (z ) is the best dominant.

Proof. Let the function g (z ) be defined by (2.2). we know that (2.3) holds true. Combining
(2.3) and (2.6), we find that

Azg'(z) A2q'@)
S 1

By using Lemma 1.2 and (2.7), we easily get the assertion of Theorem 2.2.

@2.7)

, 1+4z .
Taking ¢g(z)= 1+ B in Theorem 2.2, we get the following result.
+Dz

Corollary 2.1 Let A €l) ‘and —1< B <A <1. Suppose also that

SR{I_BZ }>max{0,—iﬂ(mj}
1+ Bz A

Iff €A » satisfies the following subordination:

m)[Uf()Jl[Uf (Z)J{Uéi’f’”f <Z>J"<1+Az+ 2 (U-B):

P Ué,az,ﬂ,y) (Z) ZP 1+Bz (p-pP)u (1+Bz ) ,

then

(Uéf“f’”f (z )T REYE

z? 1+Bz

1+A4z
1+ Bz

is the best dominant.

and
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Theorem 2.3 Let ¢ (z ) be convex univalent function in U and let A €/ with R(A) > 0. Also
let

U @)
(z—f()] € H[q(0),11NQ .

and

z?

Ut f (2 )] . Z(Uéi’;”’ﬁ*"”‘v (z )J(Ugiﬁ*”f (z )j“

Uéi”ﬂ’”f(z) z?

-2
be univalent in U . If

' (a.By a+1,p+1y+l @pre (7)Y
224'() <(H)[U G )j M{Qﬁ ’f(z)](Uo,z il )J |

TRy 2 RO W

then
(aﬁy
q(z)= (Zf()] )

and ¢ (z ) is the best subordinate.

Proof. Let the function g (z ) be defined by (2.2). Then

1o+ ZLC) g SN U8 T G U )]

(p-a)u z” Us2?f () z”
Azg'(z)
(p-Pu’

By using Lemma 1.3 we easily get the assertion of theorem 2.3.

=g(z)+

_ 1+4z .
Taking ¢g(z)= 1+ 5 in Theorem 2.3, we get the following result.
+Dz

Corollary 2.2 Let ¢ (z ) be convex univalent functionin U and —-1< B <4 <1, A€l with
R(A) > 0. Also let
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U@hne (5 #“
0¢[‘“Z—pf()] e H[q(0),11NQ.
and

(Y Eoar ) L ettt Q) (RO

z Uéjﬂaf(z) z?

be univalent in U . If

l+dz A (A-B) (- A)L (wPDf (2 )J"Jr A{Uéi“’ﬂ“”*'b” (z)JLUéf‘;’ﬂ’”f (z)J"’

14Bz  (p-PB)u (1+Bz) z” Uyf (2) z”

Then

1+ Az <(Lﬁiﬁyy(z)]#

1+ Bz ’

z

1+A4z
1+ Bz

is the best subordinate.

Combining the above results of subordination and superordination, we easily get the following
"sandwich-type result".

Corollary 2.3 Let g,(z ) be convex function in U and let ¢,(z ) be univalent function in U,
let A€l with R(A)> 0. let g,(z ) satisfy (2.5). If

(tlﬂ}')
0¢[z—f()] € H[q(0),11NQ,

and

oGN] ) vy )

z Ué?ﬁﬂf(z) z?

is univalent in U , and also
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20/ (z Uéozr,ﬂ,y) z “ (a+1ﬂ+l 7+1) (aﬂ7
ql(Z)—i- l ql( )_<(1_/1){ \ p ( )J +/1[ Uéaﬂy) (Z() )J( Z( )\]

(p-PBu z z
Azq;(2)
< 2z _—
B ~Pu

then

(aﬁ7
ql(Z){Z—f()] <q,(2),

and g, (z)and g ) (z ) are respectively, the best subordinate and dominant.

Theorem 24 If A, £>0 and f(Z)ES}?Z;: (a;l—Zp,—l) (0<p<l) , then
f(Z)ES;”,f (0{;1—2,0,—1) for |Z|<R, where

X~ J(LJ oo | o)
(p-a)u (p-a)u

The bound R is the best possible.

~|—

Proof. We begin by writing

{ (a+1/}+1y+1)f( )

py J =p+(1-p)g(z) (z eU;OSp<1). (2.9

Then, clearly, the function g(z ) is of the form (1.17), is analytic and has a positive real part in
U . Differentiating (2.9) with respect to z and using the identity (1.12), we get

IL (1_/1)( (aﬂyf( )j +/1( (a+1ﬁ+ly+1)f( )J(Uéi,ﬁ,y;f (Z)J#_p

p - v ) )\ e
=g(2)+%- (2.10)

By making use of the following well-known estimate (see [9]):
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e _ okt
R(giz) 1-r*

In (2.10), we obtain that

0 1 (l_ﬂ)(Uéi,ﬂm (Z)]”+/1(Uéi+1,ﬂ+l,y+1) (Z)JLU&?M) (Z)J”_
1 p 4 P

-p z Uéi’ﬂ’y)f(z) z

(|Z|<r<1)

2kr* A
(p-Bu(1-r*) )

(2.11)

_ER{g(z)} 1-

It is seen that the right-hand side of (2.11) is positive, provided that ¥ < R , where R is given by
(2.8).

In order to show that the bound R is the best possible, we consider the function /" (z) € 4 , (k)
defined by

Ué“””’” “
[—’Z sz (Z)] =p+(-p)1 -

1+zk

(z eU;0< p<l).

Noting that

@Bnr ()Y (a+1ﬁ+1y+1 @pne (7)Y
e (l_ﬂ)(vo,z il )] M[ v (2 )J(Uo,z 1 ( )J L,

l—p z (aﬂ}')f( ) zP

_1+Zk N 2k Az

= =0. (2.12)
k 2
=20 (p-Pu(1+z")

for |Z | < R, we conclude that the bound is the best possible. Theorem 2.4 is thus proved.

Theorem 2.5 Let f (z) €S 4 (a;4, B ) with R(A) > 0. Then

[ frav ey L, e 0t0-8), (40 r-a),
fe)=|2 (1+Bw(z)j ( Z‘ (1+p) (1+p+y—/3)n z @13)
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where W (z ) is an analytic function with w (0) =0 and |W (z )| <l (zeU).
Proof. Let f (z) € S;":,f (a;A ,B ) with R(A) > 0.1t follows from (2.1) that

= R (2.14)
z? 1+Bw (z)

(Uéf‘i’ﬁ’”f (z )J” 14w (2)

where W (z ) is an analytic function with w (0) =0 and |W (z )| <1 (z €U). By virtue of
(2.14), we easily find that

1
1+A4Aw(z) |
Uernf(z)=zr| ———=2| . 2.15
oS (2) (1+Bw(z)] 219
Combining (1.9) and (2.15), we have
1
> (1+ l+p+y- “
Z7 4y (Up),(epsr=f), .., 1 (z)=| 20| AW E) ) (2.16)
,,:1(1+p—ﬂ)n(1+p+}/—a)n 1+Bw (z)
The assertion (2.13) of Theorem 2.5 can now easily be derived from (2.16).
Theorem 2.6 Let f (z) €St (a;4,B ) with R(A) > 0. Then
L = (1+ l+p+y-
L(1+Be“9)/‘ z? + ( p)”( P ﬂ)” z"P 1*f (2)
z? ,,=1(1+p—ﬂ)n(l+p+}/—a)n
1
—Z”(1+Aem)”}t0 (z eU;0<0<27) . 2.17)

Proof. Let f(Z)ES;:f (a;A,B) with R(A) > 0. We know that (2.1) holds true, which
implies that

(Uo(f“z’ﬁ’”f (z )J# ) 1+A4e'

(z eU;0<0<2nm) . (2.18)

z? 1+ Be'

It is easy to see that the condition (2.18) can be written as follows:
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1 1
lp U If (z )(1+Be[9)/‘—z”(1+Ae[9)ﬂ}¢0 (z eU;0<0<271). (2.19)

z

Combining (1.10) and (2.19), we easily get the convolution property (2.17) asserted by Theorem
2.6.

Theorem 2.7 Let 4, 24, 20 and 1< B, <B, <4, <4, <1.Then
Sy (az4,,B,) S (a;4,,B,). (2.20)

Proof. Let f (z) €S ;" (a;4,,B,) . Then

U(aﬁy (a+lﬂ+17+l) Ué“z’ﬁ’” )Y -
(1_42)[ G )J %[ /(2 )j( A >J Jledz

z? Usaf (z) z? 1+B,z

Since —=1< B <B, <A, <A, <1, we easily find that

(1—/12)((0!”/{( )J +/12( (“”ﬂ”“l)f( )]( (“ﬂ”f( )] <1+AZZ <1+A'Z, (2.21)

z Usf (z) z? 1+B,z 14+Bz

that is f(Z)eSZ”'(a A,,B ) Thus the assertion (2.20) holds for A, =4, 20 . If
A, 24,20, by Theorem 2.1 and (2.21), we know that f° (Z)GS;?,;” (a;4,,B,), thatis

(Uéf'i”’”f (z )J" 144z

z? 1+Blz

(2.22)

At the same time, we have

Uétz,ﬂ,y)f z H (a+1ﬂ+1}/+1f Uéi,ﬁ,y)f - yZ
e

Uéfﬁ’ﬂ’”f 2 <aﬁy f Uéfl’””’””f z Uéi’ﬁ’”f 2 )Y
MJ[ 2 )] *ﬂ“‘“[ 3 ()] ”’2[ T )J[ = )J ]'(2'23)
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1+A4,z
Moreover, 0 < ﬁ <1, and the function ™ (—1 <B,<4,<lz e U) is analytic and
+bD.z
2 1

convex in U . Combining (2.21)-(2.23) using Lemma 1.4, we find that

U(aﬁy (a+lﬁ+17+1) Ué@;,ﬂ,y) )Y z
P

z sapnf ( ) z 1+ Bz
thatis f (z) €S ;1’,’(” (CZ;A1 ,B, ) , which implies that the assertion (2.20) of Theorem 2.7 holds.

Theorem 2.8 Let f (z) €S {' (;4,B ) with R(1)>0and—1< B, <4, <1.Then

(p- ﬂ)ﬂ Il —Au
1-Bu

(2.24)

U (@h7) “ _ 1 (P-Pu_
w[ f(Z)] P Pufledu Py,

z? o 1+Bu

The extremal function of (2.24) is defined by

p=-Pu_,

(aﬂy)f( ) ((P ﬂ),uj‘l-l-/lzu T dujﬂ. 029

1+zBu

Proof. Let f (z) € S;:,f (a;A ,B ) with R(A) > 0. From Theorem 2.1 we know that
(2.1) holds true, which implies that

U (@B # B 1 P=-Pu_
ER( 0,z Z(Z)J <supR (Plkﬁ)ﬂj‘l"'AZ”u 7k ldu

z zeU O1+Bzu

1 (p-Pu

_ 1 A WP=PIFE _
L p-Pu supm(ﬂ}, o
0

(P ﬂ)u I I+ du P

1+ Bu

(2.26)

and
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z zel 1+ Bzu

U(a’aﬁ',}/) (p-Pu_
R| oz ;(Z)J >1nf9f{{(p ﬂ)ﬂj’“‘AZ”u Ik ldu}

L (p-Pu ,b’)u J I+ dzu ) S50
zel 1+ Bzu
(p-Pu_
St j“A“ ", e
1+ Bu

Combining (2.26) and (2.27), we get (2.24). By noting that the function U (a Py )f ( ) defined
by (2.25) belongs to the class S * p,’k (a;A ,B ) , we obtain that equality (2.24) is sharp. The proof

of Theorem 2.8 is evidently completed.
In view of Theorem 2.8, we easily derive the following distortion theorems for the class

St (a:4,B).

Corollary 2.4 Letf(z)eS;:f (a;A,B) with R(A) >0 and—-1< B, <4, <1. Then for

|Z|=r<1,wehave

1
((p Pu jl Auru”;f”‘ldu]”
1—Bur

1

(P=Pu_ u
‘U(aﬂ}/ (Z )‘ [(p ﬁ)/’l.[l_'_Auru Ak duj# (228)

1+ Bur

The extremal function of (2.28) is defined by (2.25).

By noting that

(veu ;SR(V)ZO).

From Theorem 2.8, we easily get the following results.

Corollary 2.5 Let f (z) €S f' (a;4,B ) with R(A1)>0 and—1< B, <4, <1.Then

[(p Pu Il Au ‘P;f’”ldujz

1-Bu
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z? 1+ Bu

d{ Lf (2 )] [<p ﬁ)ﬂIHAu %f’”lduy

Theorem 2.9 Let f (z ) defined by (1.1) be in the class S;,’f (a;A ,B ) , Then

<(1+p—,6’) (I+p+y- a) | A—-B |

nip| S (2.29)
b (1+p) (1+p+7/ ﬂ ‘/Ik+,u p ﬁ)‘
The inequality (2.29) is sharp, with the extremal function defined by (2.25)
i’roof. Combining (1.1) and (1.16), we obtain
(a By U e SlyH U (@hn “
(1_/1)[ Zf( )] JJ( (aﬂy)f{() )]( 0.0 Z{(Z)}
(I+p+r-p), (1+p)
=1+ Ak +u(p-p k k wZ
[ ( )](l-i-p—ﬂ)k (l+p+y-a), "
Az A—By: - (230)
1+ Bz
An application of Lemma 1.5 to (2.30) yields
(I+p+y-p) (1+p), |[M culp-p)]a,.,|<la-B| (2.31)

(1+p—ﬁ’)k (1+p+7—a)k

Thus, from (2.31), we easily arrive at (2.29) asserted by Theorem 2.9.
Theorem 2.10 Let 0 Aell, ue ,a>l, §>O and 0< p<1. If f(Z)GS;f(a;A,O)

with
kA
1-p)|4|| 1
P o)
ka Y
1—l+pﬁ+\/1+[l+(P_ﬁ)ﬂ]
then

Q“f (z)eS, , (pp—(p—P)1-p)).

Proof. Suppose that f (z) € S;”,ﬁ' (OC;A ,O). By (1.16), we have
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z z

M L) G (R0 LT

U ()

Let the function g (z ) be defined by (2.2). We then find from (2.1) and (2.32) that

_(p-Bu ﬂ)/l z P-Pu_
(p- 'B)’u j(1+At)z T

0

glz)="——"

(p -B)u

= Tk o-pu

We now suppose that

U(gf;:rl,ﬂﬂ,yﬂ)jf (Z )
Uéz,ﬂ,r) (Z )

=(1-ph(z)+p (a>10<p<l;z €U).

Then h € H[1,k]. It follows from (2.32) and (2.33) that

g@)|(1-2)+ AA-ph(z)+ply <144z (z €U).
An application of Lemma 1.6 to (2.34) yields
Rh(z)>0  (zeU).

Combining (2.33) and (2.35), we find that

(2.32)

(2.33)

(2.34)

(2.35)

(a+1,p+1,y+1
iR(Uo,z f( )J=(1_p)§n(h(z))+p>p (a>1;0£p<1;z EU). (2.36)

U (z)
The assertion of Theorem 2.10 can now easily be derived from (1.12) and (2.36).
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